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Chapter 1 



Abstract 

1.1 Diameter and Growth of Cay ley graphs 

A family of finite groups {GnjngN is said to have poly- logarithmic diameter if 
for some absolute constants C,d > 0, for every G„ and every subset S'„ C G„ 
generating G„, we have 

diam(Cay(G„,5„)) < C 

where diam(Cay (G, S)) is the diameter of the Cayley graph of G with respect 
to S. 

A well know conjecture of Babai [BS2] asserts that all the non-abelian 
finite simple groups have poly-logarithmic diameter. In this work we inves- 
tigate the family of groups SL2 (and PSL2) over finite fields, and we prove 
the conjecture for this family of groups. 

In fact, we investigate a stronger Growth property that would imply in 
particular the poly-logarithmic diameter bounds. By this, we extend the 
techniques that were developed by Helfgott [He] who dealt with the family 
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of groups SL2 (and PSL2) over finite fields of prime order. 

1.2 The main results 

Our main result asserts that the family 

{SL2(Fpn) : p prime; n e N} 

has poly-log diameter. Note that this result holds uniformly for all finite 
fields regardless of their charecteristic. This result holds also for the family 
PSL2 over finite fields. 

By using results from Additive Combinatorics, we proved the following 
stronger Growth property: 

There exists £ > such that the following holds for any finite field F^. 
Let G be the group SL2(F^) (or PSL2(F^)) and let ^4 be a generating set of 
G. Then we have, 

\A-A-A\ > mind^l^+MGl}. 

Our work extends the work of Helfgott [He] who proved similar results 
for the family {SL2(Fp) : p prime}. 
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Chapter 2 
Introduction 

2.1 Background 

Let us define the directed diameter of a finite group G witli respect to a set 
of generators S to be tlie minimal number I for wliicli any element in G can 
be written as a product of at most I elements in S. We denote this number 
by diam"'"(G, 5"). Define the (undirected) diameter of a finite group G with 
respect to a set of generators S to be diam(G, S) := diam"'"(G, S U S~^). 

The diameter of groups has many applications. Aside from group theory 
(see [BKL, La, LS]) and combinatorics(see [Di2, ER, ETl, ET2]) the di- 
ameter of groups shows up in computer science areas such as communication 
networks (see [Sto, PV]), generahzations of Rubik's puzzles (see [DF, McK]), 
algorithms and complexity (see [EG, Je]). For a detailed review see [BHKLS]. 

Since we are interested in the "worst case generators" , we define 

diam(G) := max{diam{G, S) : G = {S)}. 

A family of finite groups {Gn : n e N} is said to have poly-log diameter 
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(resp. log diameter) if for any n e N we have 

diam(G'„) <Clog'^(|G'„|) 

for some constants C,d> (resp. for d—1). 

In [Dil], the author shows (with an effective algorithm) that for any fixed 
p, m e N with p a prime and p > m > 2, the family 

gm,p := {SL^(Z/p«Z) : n e N} 

has poly-log diameter. Abert and Babai [AB] showed that for any fixed prime 
Po, the family {Cp^ iCp : p prime; p 7^ Po} has logarithmic diameter. 

A long standing conjecture of Babai [BS2] asserts that the family of non- 
abelian finite simple groups has a poly-logarithmic diameter. Very little is 
known about this conjecture. See [BSl] and [BS2] for some partial results 
concerning the alternating groups. 

A breakthrough result of Helfgott [He] proves the conjecture for the fam- 
ily {SL2(Fp) : p prime}. The main goal of this paper is to extend Helfgott 
work to the family {SL2(Fpn) : p prime; n e N}. We follow the basic strategy 
of Helfgott (with some short cuts following [BG2]) and in particular we also 
appeal to additive combinatorics and sum-product theorems. The new diffi- 
culty is that unlike fields of prime order, general finite fields have subfields, 
and subsets which are "almost" subfields - which are "almost" stable with 
respect to sum and product. 

2.2 Main results 

Our main results are the following. 
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Theorem 2.2.1 (See Theorem 7.2.2 in §7.2). There exists £ e R+ such that 
the following holds for any finite field ¥q. Let G he the group SL2(Fg) and let 
A he a generating set of G. Then we have^ , 

\A-A-A\ > minllAp+MGI}. 

From this we easily get the following. 

Corollary 2.2.2 (Sec corollary 7.2.3 in §7.2). There exist C,d & IR+ such 
that the following holds for any finite field ¥q. Let A he a suhset of generators 
of G — SL2(Fg). Then we have, 

dieim+{G,A) < Clog'^dG'l) 

and for any S e R+ we have, 

\A\ > \G\^ =^ diam+(G', A) < C {^Y . 

2.3 Organization of the manuscript 

The manuscript is organized as follows: In §3 we bring notations and defini- 
tions, which are required for this work, as well as mathematical background. 
In §4 we collect useful facts from Additive Combinatorics to be used later. 
In §5 we prove some useful facts about SL2(Fg). In §6 we extend few of the 
main ingredients from the proof of Helfgott, from SL2(Fp) to SL2(F^). In 
§7 we show how to use all the previous sections in order to prove the main 
results of this manuscript. In §8 we present some questions/conjectures. 



^The same assertion holds for PSL2(Fg). 
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Chapter 3 



Preliminaries 

3.1 Notations 

We will use the following notations, log a; will stand for log2a;, log in the 
base 2. We will always use p for a prime number and q for a prime power. 
For a subset A C B and x E B denote for short by A\x and similarly 

^4 U X := ^4 U {x}. For a field F, denote by F some fixed algebraic closure of 
F. We denote 

a multiplicative group which is not necessarily commutative and 

iG,+) 

will stand for a commutative additive group. 

Definition 3.1.1. Let G be a group and let A, B, Ai, . . . ,An C G he non- 
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empty subsets of G. For A; e Z denote 

A*^ := [a^ -.ae A] 

■=AyjA-^ 

Define the product-set, 

A-B := {a-h : a e A,h e B} 

and for X e G define x-A :— {x}-A and A-x :— A-{x}. Denote the product 
set of Ai,...,An by 

n 

J]^ A {oi • • • On : VI < i < n, e A} 

and the product set of one set with itself n-times by 

n 

A ") :=n^ 

1=1 

The most important notations in this manuscript will be 

Al^^l := {1} 
^[^1 ■=A^U1 

_^[n] _ 

the set of words of length at most n in the letters A^ := ^ U A"^. Note that 
in general we have only the containments 

Simple Fact 3.1.2. Since we have three possible operations on the subsets^, 
we use the following "group action" notation A^^ — (A^)'^. 

^Note the these operations on subsets of G are not induced from operations on ele- 
ments of G. 
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For example, 
Similarly 

when x,y,z is any of these operation e.g., A'^WH ;= ^^'^^W^M. Note the 
these operations on subsets is associative 

Note that in general we have only the containments. 

We can write these properties as a table of relations between the operations 
as [n][m] = [nm] and (n)(m) — {nm) and [mn\ — [m](n) ^ {n)[m]. 
Note that if {A) is abehan then A^^'^^ — A^'^^^ and similarly 

Definition 3.1.3. Let G be a group and let g,h E G. We will denote by 

g*^ := h-'gh 
[g,h] := c/^V = g'^h-^gh 

For subsets A, 5 C G we denote by 

A^ := {a^ae^,6eS} 
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and :— {x} for short. For commutator of two subsets we will write 



[A,B]set -.aeAibeB}. 



(3.1.3a) 



Note that we have only containments 



[A Blet Q A-^A^ C A-^B-^AB. 



Definition 3.1.4. Let G be a group and let A,BC.G. Define 



Cb{A) :^{beB:a''^a for all a e 



A}. 



Simple Fact 3.1.5. Note that using these notations we always have g{n) — 
{n)g ioT g e G and n eN. I.e., 



and similarly g[m\ — [mlg and kg — gk. So conjugation (or any other 
automorphism) commutes with the operations A^'^\ A^'^\ A'^ . 

Definition 3.1.6. We will use the generation notation (^4) depending on 
the category we are working. The categories that will be involved in the 
manuscript will be groups and rings. 



Prod(g) :— a-d 
Diag(g) := (a, d) . 

Extend these functions to Prod(y) and Diag(y) for subset V C SL2(F). 



Definition 3.1.7. Let g 




e SL2(F). Denote, 
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Definition 3.1.8. Let g = \ ^ ^ \ e SL2(F) and x e F^. Denote, 

c d I 



D(a,d) 



a 


x-^ 



Extends these notations to subsets in the obvious way Dx ■— {D^ : x e X} 
where X is either XCF^orXCFxForXC SL2(F). 

Definition 3.1.9. For positive real-valued functions, we write f <ti g \i 
f = 0{g). Similarly we write f ^ g if g <^ f, and f^giif<^g<^f. 
Similarly we will use the dual notation / = ^{g) for g — 0{f). Denote also 

f^g^lf<g<2f. 

Simple Fact 3.1.10. Let e e M+ be real number with £ < |. Then we have 

1-e <^< 

1 + £ < < l + 2e. 

Therefore for any X,Y e R+ we have in the Q-language: 
and similarly 
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Definition 3.1.11. Let i? be a ring (not necessarily commutative) and let 

a & R. Define the endomorphisms La and Ra by La{b) = ah and Ra{b) = ha. 
Then La is endomorphism of the right^ i?- module R and Ra is endomorphism 
of the left^ it!-module R. Denote the right ideal Ker(La) and the left ideal 
Ker(i?„) by 

Ker(L„) := {6 : a6 = 0} 
Ker(i?„) := {6 : 6a = 0} . 

Now suppose R is commutative ring. Denote the set of non zero-divisors in 
R by i?^: 

a e R^ <^=^ La is injective <^=^ Ker(La) = 0. 

If A is a subset of a commutative ring R we will need different notations to 
distinguish the product-set A-A — {ab : a,b E A} and the sum-set ^4-1-74 = 
{a + b : a,b G A}. Therefore we will need in some situations the following 
definitions. 

Definition 3.1.12. Let Ahe a. subset of an additive (semi) group G and let 
n e N. Denote by 

A -.^ {ai + . . . + an : Vi, e A}. 

n 

Definition 3.1.13. Let T C X xY he a, directed graph. Denote the inverse 
(opposite) graph CY x X {or r°P) by 

r-^ -{(y,x):(x,y)er}. 

^the action of the scalars is from the right, 
^the action of the scalars is from the left. 
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Let A C. X and a & X. Denote 

Ta := {yeY:{a,y)er} 

aeA 

Denote 

deg(r) :=ma^{|r,|}. 

Clearly deg(r) <d^ \r{A)\ < d\A\ for any ACX.We will say that T is 
d- regular^, ii iTj;] — d ior all x E X . We define the multiphcity of F to be 

mult(r) :=deg(r-^). 

We will use the previous definition with the following simple observa- 
tions. 

Simple Fact 3.1.14. A function / e Y-^ C X xY is a directed graph which 
is 1-regular graph. Therefore we get, 

mult(/)<n => \f{A)\> \A\/n for any AC X. 

For example, any one variable polynomial 7^ f{x) e ¥[x] of degree d 
defines a substitution map : F — >■ F such that 

mult(/,) <deg(/). 

Similarly if 7^ f{x,x~^) G F[a;,a;~^] with degx{f) + degx-i{f) = d then 
mult(/5) < d where 

/, : F^ ^ F. 

E.g., f{x) — x"^ + x~^ has multiplicity < 5. By abuse of notation we will 
write for / e ¥[x, x~^], 

mult(f) :=mult(/5). 
*or we write for short, F is (1 ; d). 
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3.2 Uniform poly- logarithmic diameter bounds 

Definition 3.2.1. For a finite (undirected) graph F = (V, E) define diam(F), 
tlie diameter of tfic grapfi F, to be tlie minimal / sucii tiiat any two ver- 
tices are connected by a patli witli at most / edges. Set tlie diameter to be 
diam(F) = oo if the graph is not connected. 

Definition 3.2.2. For a finite group G and a subset S of G, define 

diam(G, 5) := diam(Cay(G, 5)). 
For a finite group G and a set of generators 5" of G, we have 

diam(G', S) = min{A; : S^''^ = G} 
Define the maximal diameter of G to be 

diaminax(G) := max{diam(G, S) : S Q G, (S) = G} 

or just for short diam(G) = diaminax(G)- For a finite group G and a set of 

generators S of G, define 

diam+(G, S) := min{A; : {S U l)^^) = G}. 

Remark. It is easy to see that for a set of generators S oiG with s :— \S\JS~^ \ 
we have 

log, 1^1 - 1 < diam(G, S) < |G| - 1 

by a simple count of words in G with the letters S U S~^. Still there is 
an exponential gap between these two bounds. So usually the goal is to 
find either an upper logarithmic or a poly-logarithmic diameter bound for 
diaminax(G'). This bound is of interest when each group, in the family of 
groups, can be generated by a subset of bounded size. 
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A well known conjecture of Babai asserts the following (cf. [BSl, BS2]). 

Conjecture 1 (Babai). There exist C, d e R+ such that for any non-abehan 
finite simple group G we have 

diam^ax(G)<Clog''|G'|. 

This bound may even be true for d = 2, but not d < 2, as the groups Alt{n) 
demonstrate. 

The first step towards proving Babai 's conjecture was made by Helfgott 
(cf. [He, §1.2 Main Theorem]). 

Theorem 3.2.3 (Helfgott). Denote the family of groups 

Q = {SL2(Fp) : p prime} . 
There exist C,d & M+ such that for any G E Q we have, 

diammaxiG) < Clog'^IG'l. 
We extend this theorem to all finite fields to get the following. 
Theorem 3.2.4 (See corollary 7.2.3 in §7.2). Denote the family of groups 

g = {SL2(Fpn) : p prime; n eN} . 
There exist C,d & R+ such that for any G E Q we have, 

diam+^(G)<Clog'^|G|. 

The main idea in Helfgott's work is to show an expansion property of sub- 
sets w.r.t the product operation in the group. For this he reduced the problem 
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to an expansion property of the addition and multiplication operations in the 
underline fields. One advantage of these results is their, relatively, elemen- 
tary proofs. One disadvantage of these results is that they do not supply a 
algorithm(/method) for actually calculating such a short paths(/products) 
in the graphs(/groups). 
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Chapter 4 

Tools from Additive 
combinatorics 

4.1 The fundamental tools 

Ruzsa triangle inequality 

The following useful lemma of Ruzsa allows one to pass from control of sum- 
set to control of minus-sets (cf. [TV, Lemma 2.6] and [He, §2.3 Lemma 
2.1]). 

Lemma 4.1.1 (Ruzsa). Let G be a group and let A,B,C C G be finite 
subsets. Then we have, 

\AB\\C\<\AC-^\\CB\. (4.1.1a) 

Proof. Define the product map p : AC~^ x CB — > G by p{x, y) = xy. Then 
for any a & A and 6 e -B we have, 

p-\ab) D {{ac-\cb) : c e C} 
22 



so \p-\ab)\ > \C\. Therefore \AC-^\\CB\ > \p-\AB)\ > \C\\AB\ so we are 
done. □ 

In particular by taking B — C — A"^ we get the following Corollary. 

CorollEiry 4.1.2. Let G be a group and let A C G be a finite subset. For 
any 1 < K E M we have, 

\A-A\ < K\A\ ^ \AA-'^\ < K^\A\. 

Proof. By lemma 4.1.1 we get 

\A-A-^\ 
- — — < 



\A-A\ 


\A- 


'■A-'\ 




\A\ 





\A\ 

< K^. □ 

Definition 4.1.3. Let G be a group and let A, B C. G he finite non empty 
subsets. Define, 

DiA,B) :-- 



\AB- 



|>l|V2|S|l/2- 

Define the Ruzsa distance between A and B to be 

d{A,B) ■.^\og{D{A,B)). 
It is easy to see that the following properties hold. 

Simple Fact 4.1.4. Let G be a group and let ^ A,B C G he finite 
subsets. Then for any x,y E G we have, 

d{A, B) = d{B, A) = d{xA, yB) = d{Ax, Bx) > 0. 
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As an immediate consequence of lemma 4.1.1 we get, 
D{A,B) < D{A,C)D{B,C) 
therefore we get the following Triangle inequality. 

Simple Fact 4.1.5. Let C be a group and let 7^ A, S, C C G be finite 
subsets. Then we have, 

d{A,B) < d{A,C) + d{B,C). 
Therefore ^(^4, B) is quasi-metric^ on the set of finite subsets of G. 

Pliinnecke-Ruzsa inequality 

The following theorem of Pliinnecke-Ruzsa allows one to pass from control 
of sum-set to control of iterated sum-sets (cf. [TV, §6.5, Corollary 6.29]). 

Theorem 4.1.6 (Pliinnecke-Ruzsa). Let {G, +) be an additive group and let 
A,B C G be finite subsets. Suppose 

\A + B\<K\B\ (4.1.6a) 

for some 1 < K eW. Then for any n,m & N we have, 

lY^AlKK^'lBl and | ^ ^ - J]] A| < (4.1.6b) 

II n m 

In particular we get the following. 

CoroUciry 4.1.7. Let (G, +) be an additive group and let A C. G be finite 
subset. Then for any 1 < K we have, 

|^-^|<X|^| ^ \A + A\<K'^\A\. (4.1.7a) 
^actually d{A,B) = <s=^ A,B are both left cosets of some finite subgroup H < G 
(sec [TV, Proposition 2.38]). 
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Proof. By taking B — —A, we are done by theorem 4.1.6. □ 

Another special case of theorem 4.1.6 is the following result. 

Corollciry 4.1.8. Let R be a commutative ring and A C R a finite subset 
and let b e R^ . Suppose 

\A + bA\ < K\A\ 
for some 1 < K eW. Then we have, 

\A + A\<K^\A\ and \A-A\<K^\A\. (4.1.8a) 

Proof. By taking B — bA, we are done by theorem 4.1.6. □ 

Remark. Note that actually we only used the fact that the addition in R is 
commutative and that \A\ — \bA\. Therefore this statement is true also for 
non-commutative rings provided that is injective. 

From large growth to large tripling 

In corollary 4.1.7 one cannot drop the additive assumption to get polynomial 
bound like (4.1.7a) (cf. [He, §2]). However, one can deduce easily from 
Lemma 4.1.1 the following result. 

Lemma 4.1.9. ([He, §2.3 Lemma 2.2]) Let G be a group and let A C G be 
a finite subset. 

For any 1 < K & M. and Xi, X2, e {±1} we have, 

\A^^^\<K\A\ < ^3|^|_ (4.1.9a) 
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For any 3 < n e N and 1 < K e R u;e have, 

\A^^\<K\A\ < x"-2|^|_ (4.1.9b) 

In particular for any 3 < n e N and 1 < K & M. we get, 

> K\A\ ^ > i '^/K\A\. (4.1.9c) 

Proof. By the assumption, 

Therefore by Lemma 4.1.1 we get, 

(4.1.1a) 1 

\AAA-^\ < jj-^\AAA\\A-^A-^\ 

< j^^\AAA\\A-^A-^A-^\ 

< K^\A\ 

Therefore we get also, 

\AA-^A-^\ = \AAA-^\ < K^\A\. (4.1.9.1) 

By repeating the previous argument but now with A = A~^ (i.e., A~^ in the 
roll of A) we get 

\A-^A-^A\,\A-^AA\ < K'^\A\. 

On the other hand, 

\A-^AA-^\ = \AA-^A\ 

(4.1.1a) 1 

< j^^\AA-'A-'\\AA\ 
\AA-'A-'\ \AAA\ 

(4.1.9.1) 

< K'\A\. 
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Therefore we are done with the bound (4.1.9a). 

By induction for n > 3 we get from Lemma 4.1.1 that, 

|^[n+l]| ("-^'"^ i_|^[n-l]^p-l^[2]| 
< 







1^1 


\A\ 



so we are done with (4.1.9b).-^ 

If we combine (4.1.9a) and (4.1.9b) we get for any n > 3, 

< K\A\ 
^ < {2Kf\A\ 

=^ < (2X)3("-2)|^| 

=^ < (2ii')^"|A|. 

Therefore by negating the inequahties we get, 

so we are done with (4.1.9c).v' □ 



4.2 Expansion properties in fields 

When deahng with fields one can use the following Sum-Product theorem 
(cf. [TV, §2.8]) which is a slight improvement of [BKT, BK]. 

Theorem 4.2.1. ([TV, Theorem 2.52]) There exists an absolute C > such 
that the following holds for any 1 < e M and any field F. Let A C.W be a 

finite subset and suppose 

\A + A\ + \A-A\ < K\A\. 
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Then either \A\ < CK^ or for some suhfield E < F and x e we have, 

|E| < CK^\A\ and \A\xK\ < CK^. 

The power of this quantitative theorem is that if a set is almost stable 
under the two field's operations then as a set it is almost a field, up to a 
polynomial lost. We will be interested in subsets with large growth: 

max{|A + ^|, \A-A\} ^\A + A\ + \A-A\ > \A\^^'. 

Therefore we will use the following definition. 

Definition 4.2.2 (Almost fields). Let F be a field and let ^ C F be a finite 
subset and let e e R+. We will say that A is e-almost field, or e- field for 

short, if for some subfield E < F and a; G F^ we have, 

|E| < and \A\xE\ < \AY . (4.2.2a) 

If the above holds then we will say that that A is e-field E. Define A to be 
pure £-field if 

|E| < and ACE. (4.2.2b) 

If (4.2.2a) holds but (4.2.2b) does not hold then we will say that A is an 
impure £-field. In other words, A is impure e-field if (4.2.2a) holds and also 

|A\E| > 0. (4.2.2c) 

Definition 4.2.3 (Almost stable subsets). Let F be a field, A C F be a finite 
set and let e G M+. We will say that A is £-cIose, or ^-stable, if 

\A-A\ + \A + A\<\A\^^^. (4.2.3a) 

Otherwise, we will say that A has £-expansion, or s-growth. 
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Let's restate Theorem 4.2.1 using this terminology. 

Theorem 4.2.4. There exists C > such that the following holds for any 
£ e R+ with £ < ^. Let ¥ be a field and let A C.F be a finite subset of size 
\A\ > C^/^. Then we have, 

A is £-field =^ A is C£-stahle. (4.2.4a) 
A is £-stable =^ A is C£-field. (4.2.4b) 

Remark. The statement (4.2.4a) is trivial, as we shall see in the proof below. 
The important part of the theorem is (4.2.4b). The theorem can be stated as 
follows: For any e > which is small enough, if A is big enough (depending 
on £), both (4.2.4a) and (4.2.4b) hold. 

Proof. Suppose A is £-field. Therefore by 4.2.2 we get, 

|E| < \A\^^' and \A\xE\ < \A\\ 
Denote X := A\x'E and so we get, 

\A + A\< \{xEUX) + {xEUX)\ 

< |E| + |E||X| + 

< 3\A\^+' 

and similarly the same bound for Therefore if > 6 we get 

\A + A\ + \A-A\ < 6\A\^+' 
< \A\^+^' 

so we are done with (4.2.4a).-^ 
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Now suppose A is s-stable. Denote K :— \A\^ so by 4.2.3 we get, 

\A-A\ + \A + A\ < K\A\. 

Therefore by Theorem 4.2.1 the following holds for some absolute^ Ci > 0. 
Either 

1^1 < CiK^'' (4.2.4.1) 
or for some subfield E < F and x e we have, 

\E\<CiK^'\A\ and \A\xE\ < CiK^K (4.2.4.2) 

Therefore if £ is small enough, say e < and \A\^ is big enough, say 
\A\^ > Ci, then 

CiK^' = Ci\Af'' < \A\^^'' < \A\. 

Therefore (4.2.4.1) does not hold and from (4.2.4.2) we get that A is 2Cie- 
field, so we are done with (4.2.4b). □ 

We can state the non trivial part of theorem (4.2.4b) in the r2-language 
as follows: 

Corollary 4.2.5. There exists C > such that for any s > small enough 
the following hold for any finite subset A C.F which is big enough. 

A is not e- field =^ A has fl{e)-growth. 

4.3 Expansion functions in fields 

We begin by introducing some new notations. 

^The constant C > from Theorem 4.2.1 is absolute and do not depend in e. 
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Definition 4.3.1. Let F be a field and let g e GL„(F). Define, 

Trg(A, B) := Tr(AS^) 

for any A,B e M„(F) and denote for V C M„(F), 

TigiV) := {Tr(AAf) : A G V^} . 

Definition 4.3.2. Let F be a field, x,y e W and g E SL2(F). Define 
tr : F^ ^ F and tr^ : F^ x F^ ^ F by 

tr(x) := Tr(D,) 
trg(x,y) :=IV(L>,(L>,)^). 

Extend these definitions to tic{X) and tiCg{X, Y) for subsets X, y C F^. 

We immediately get the following equivalent definition. 

[a b\ 

Simple Fact 4.3.3. Let ^ = e SL2(F) and x,y eW". Then we 

\c d) 

have, 

tr(a;) = a; + a;^"^ 
trg(x,y) = ad-ir{xy) — bc-tr{x/y). 

Definition 4.3.4. Let x,y e¥^ and let t e¥. Define, 

trt(x,y) := i-tr(xy) + (1 - t)-tr{x/y) 

As a consequence of 4.3.3 and 4.3.4, we immediately deduce the following. 



31 



Simple Fact 4.3.5. Let x,y e and g e SL2(F) with t = Prod(^). Then 

we have, 

Ti{D,{Dyy)=iig{x,y) 

= tri(x,y) (4.3.5a) 
^t-ir{xy) + {l-t)-iY{x/y). 
Remark. In particular from (4.3.5a), we get that 

Prod(5f) = 1 =^ trp(x, y) — tr(xy) 
Prod(^) = =^ tYg{x, y) = tr(x/y). 

Note that 

Prod(gf) = 1 <^=^ g is triangular 
i.e., g is either upper triangular or lower triangular. 

We make the following easy observations in any field F. 

Simple Fact 4.3.6. Let F be a field and let G = F^ be its multiplicative 
group. Let x, y e F^ and X,Y C.¥^ . Then we have, 

tr(a;) tr(y) = iY{xy) + iY{xy~^) (4.3.6a) 

and therefore, 

tr(X) tr(y) C ir{XY) + tr(Xy-^). 

and in particular, 

ir{X) tr(X) C tr(X[2]) + tr(XPl). (4.3.6b) 
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Proof. (4.3.6a) is trivial from the definition of tr(a;) — x + x ^. The two 
other equations immediately follow from (4.3.6a). □ 

The following striking reduction of Helfgott^ allows one to gain large 
expansion from the non commutativity in the group by twisting properly 
some commutative sets (cf. [He, §3] and [BG2, §4]). 

Theorem 4.3.7 (Helfgott). There exists C > such that the following holds 
for any field F. Let X CF^ be a finite subset and suppose 

\{ai-tr{xy) + a2-tr{^y~^) ■ x,y e < K\tT{X)\. (4.3.7a) 

for some 1 < K and oi, 02 G . 
Then we have, 

I tr{X^) tr(X2) I + I tr(X2) + tr{X'') \ < CK^ \ ir{X) \ . (4.3.7b) 
Let V C SL2(F) be a finite subset of diagonal matrices and suppose 

I Tr(\/W.i/5[41)| < I Tr(T/)|^+^ (4.3.7c) 

for some g e SL2(F) witH^ Prod{g) ^ {0, 1} and some e e R+. 
Then we have, 

|Tr(y2)-Tr(y2)| + |Tr(y2)+Tr(y2)| < C| Tr(y')p+^^ (4.3.7d) 
Proof. Denote N :— \ tr(X)| and for x,y denote 

tr(ai,a2)(2^,y) — ai-tr(xy) + a2-tr(xy~^). 

^The following proof is due to Helfgott and is different from his original proof, 
^i.e., g has no zero entries. 
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By the assumption (4.3.7a) we get, 

|tr(„,„,)(XW,XW)| = |tr(i,„,/„,)(XW,XW)| 

<K\tT{X)\ (4.3.7.1) 
= KN. 

Now for any subset y C we get the following. For any z,w e Y we 

have X := zw,y := zw~^ G Y^"^^ and t := xy = z'^,s := xy~^ = G Y^. 
Therefore we get, 

{{t, s):t,se Y^} C {{xy, xy-') : x,y e Y^^^}. (4.3.7.2) 

Now set y := which satisfy 

Therefore by (4.3.7.1) and (4.3.7.2) we get, 

|{tr(i) + a-tr(s) :t,se Y^}\ < KN. 
Denote Z y^ = X[212 so we got 

|tr(Z) + a-tr(Z)| < KN. 
Since mult(tr(a;^)) < 4, we have 

N^ \ tr{X)\ < \X\ < \Y^\ <4|tr(y^)| =4|tr(Z)|. 

Therefore 

I tr(Z)| < I tr(Z) + a-tr(Z)| < KN < AK\ tr(Z)|. (4.3.7.3) 
Therefore, by Pliinnecke-Ruzsa (4.1.8a) with 

A^B^ tr(Z) = tr(X[2]2) 
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we get 

I tr{X^) + tr{X^)\ < I tr(XP]2) + tr{X^^^^)\ 

< 42X^1 tr(XPl2)| (4.3.7.4) 
= 2^K^\tr{Z)\ 
Now by fact 4.3.6 applied toW — X'^ we get that 

|tr(X2).tr(X2)| ^"'l''^ |tr(X2[2]) + tr(X2[2l)|. 

But since X C F we have Z = X^Pl = X[212 we get by (4.3.7.4) that 
|tr(X2).tr(X')| < |tr(X2Pl)+tr(X2Pl)| 

= |tr(X[2l2)+tr(XPl2)| (4.3.7.5) 

< 2^K^\tT{Z)\. 
Therefore by combing (4.3.7.5) and (4.3.7.4) we get 

|tr(X2)+tr(X2)| + |tr(X2).tr(X2)| < 2^K''\tr{Z)\ 

(4.3.7.3) . „ 

2^K^tr{X) 

so we are done with (4.3.7b).-^ 

Set X -.^ {x e¥ : eV} (i.e., V = Dx). By the assumption (4.3.7c) 
and by fact 4.3.5 we get 

|{ad-tr(xy) - 6c-tr(xy-^) : x,y e ^^'^^^ | Tr(yW-y^W)| 

(4.3.7c) ,^ 

< |Tr(V^)|^+^ 



tr(X)| 



l+e 



Therefore by (4.3.7b), we have, 

|tr(X2)tr(X2)| + |tr(X2)+tr(X2)| < | tr(X)|^+°(^). 
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In other words we have, 



so we are done with (4.3.7d).-^ 



□ 



Now let us see some very simple observations that we will use later. 

Lemma 4.3.8. There exists c > such that the following holds. Let F be 
a field and let g e SL2(F). Let V C SL2(F) he a finite subset of diagonal 
matrices. Suppose Tr(\/W) C E for some subfield E < F. 
// Prod(gi) ^ E then we have, 



Tr(yW-yW5)| > c|Tr(V)|2. 



(4.3.8a) 



//Prod(5') 7^ 1 then we have, 



Tr([V,^])|>c|Tr(V)|. 



(4.3.8b) 



Proof. Denote g 




. Set X := {x e F : L)^ e 



V} and set 



T 



Tr(VWl/W^) 



(4.3.5a) 



{ad-ir{xy) — hc-ir{x/y) : x,y & X'^^}. 



Therefore we get, 



r':={aci-tr(i)-6c-tr(s) :i,seX[2l2} c' T. 



Set f{z, w) :— ad-z + (1 — ad)-w and since ad — he — 1 we get 



r' = /(tr(XP]2),tr(XP]2)). 
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Now if Prod(g') — ad then /|exe is injective. Indeed: if we set t — ad then 
by solving tz+{l—t)w = tz' + {l — t)w', we get that t{z — z') = {l — t){w' — w). 
Since i 7^ 0, 1 we get that either z — z' — w' — w — or ^ — — 1 e M 
which contradicts our assumption that that t — ad ^ M. Note that by the 
same way f\^^^^^ is injective for any coset of E. By the assumption 

tr(X[2l2) c tr(XW) = Tr(l^W) C E 

therefore 

|T| > \T'\ = |tr(XPl2)|2 > |tr(X')|2 > (^|tr(X)|)2 

so we are done with (4.3.8a).-v^ 

Now if Prod(5') = ad 7^ 1 then we get by fact 4.3.5 that, 

|Tr([yW,^])| = \{Tr{v-h<^):veV^^m 

I {2ad + (1 - ad) tr{x^) : x G X^} | 
= |tr(XW2)| 

4 

so we are done with (4.3.8b).v' □ 

Simple Fact 4.3.9. Let V and be as in Lemma 4.3.8 and let x,y e¥^. 
Then we have, 

tr{xy) — tr{x/y) <^=^ either x^ — 1 or — 1 

(4.3.9a) 

<^=^ either x = ±1 or y = ±1. 
If Tr(l^[2]) c E and F ^ {±/} then, 

Prod(c/) e E <^ Tr(yy^) C E. (4.3.9b) 
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Proof. Note that 

tr(a;) = 2 «^==^ x = 1 
and tr(x) = —2 <(=^ x = — 1. Moreover for any c 7^ ±2, 

|tr-i(c)| = 2 

since tr(x) = tr(x~-'^) and x ^ x~^ . Therefore 

tr(x) = tr(y) <^ x G 

xj/ = 1 or xjy = 1. 

In particular (4.3.9a) follows. 1/ 
By fact 4.3.5 we get that 

Tr{D,D^y) ^'•='^ Frod{g){tr{xy) - tr{x/y)) + tr{x/y). 

Therefore if 7^ ±/ and Dy ^ ±/ and \x{xy) ^\x{x j y^ e E then 

Tr(D^D^) e E ^ Prod(^) G E. 

Therefore we immediately get (4.3.9b).^ □ 
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Chapter 5 

Useful properties of SL2(F) 

5.1 Bounded generation of large subsets 

In the following section, we will prove few Growth properties of large subsets 
of finite (quasi) simple groups. First we give some background concerning 
the regular representation (and the convolution of functions). We will follow 
the techniques which were developed by Gowers (cf. [G]) and later were 
expanded by Babai, Nikolov and Pyber (cf. [BNPl, NP]). 

The spectral decomposition 

Definition 5.1.1. Let G be a finite group. We identify the group ring C[G] 
with C*^ so instead of writing ^ a^gr e C[G] we write X e with X{g) — Ug 
for all g E G. 

On the other hand we identify subsets A C.G SkS, the indicators functions 
1a e and similarly elements g E G as the indicators functions Ig e C^. 
In the algebra C[G] we have the usual inner product and convolution 
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product. For X,Y e C[G] we have 

9 

and the (convolution) product X * Y, or for short just X.Y, is defined by, 
{X.Y){g) = {X.Y,g) = J2x{x)Y{y). 

xy=g 

Simple Fact 5.1.2. Let G be a finite group and let X,Y,Z e €[G]. Define 
X^ e C[G] by 

X^(x) := X{x-^) 

and X* e C[G] by 

X*(x) = X{x-^). 

We will be interested mainly in functions in ]R[G] so there will be no difference 
in these notations. Then we have, 

{X.Y,Z) = {Y,X*Z) = (X, ZY*). 
Proof. For any x,y, z & G we have, 

{xy,z) = {y,x~^z) = {x,zy~^) 
therefore by linearity we get, 

(xy,z) = {Y,X*.Z) = {X,Z.Y*). 

□ 

Definition 5.1.3. Let G be a finite group and let X,Y e C[G]. Let L(-) 
and R{-) be the left and the right regular representations of G, 

L{X){Y) X.Y 
R{X){Y) := Y.X*. 
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Simple Fact 5.1.4. Let G be a finite group, X,Y & C[G] and let L(-) and 

R{ ) be the left and the right regular representations of G. Then we have, 

L{X.Y) ^ L{X)L{Y) 
R{X.Y) = R{X)R{Y). 

Clearly L(-) and commutes, 

L{X)R{Y) = R{Y)L{X). 

Moreover, we have 

L{Xy = L{X*) 
R{Xy = R{X*). 

i.e., 

{X.u,v) = {L(X)u,v) = {u,L(X)*v) = {u,X*.v) 
for any u,v e C[G] (and similarly for R{X)). 

Proof. All follows immediately from the definitions of L() and R{) in 5.1.3 
and fact 5.1.2. □ 

Simple Fact 5.1.5. Let V = C[G] and denote by U (V) the group of unitary 
transformations of V. Then L{G) and R{G), the left and the right regular 
representations, and also X i->- X^, are all in U{C[G]). 

Proof. Clearly for any g & G, L{g) and R{g) and X X"^, are linear maps 
which permute the orthonormal basis {h : h & G}. □ 

Simple Fact 5.1.6. Let G be a finite group of size and X G C[G]. Then 
we have, 

X(l) = ^TV(L(X)) = ^TV(i?(X*)). 
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Proof. For any g & G we have, 

X{1) = (XI, 1) 
= {X.9,9) 

Therefore L{X) and R{X*) have the same diagonal with respect to the or- 
thonormal basis {g : g E G}. □ 

Definition 5.1.7. Let G be a finite group of size N and let X e C[G]. 

Denote, 

IV(X) Tr{L{X)). 

Therefore by 5.1.6 we get, 

X(l) = ^Tr(X). 

Simple Fact 5.1.8. Let G be a finite group of size N and X e C[G]. Then, 

WxW^ ^ x*.x{i) ^x.x*{i) 



and 



Proof. We have. 



= ^Tr(X*.X) = iTr(X.X*). 



= (XI, XI) 
= X*.X{1) 
= XX(1) 

Therefore by 5.1.7 with X = X.X* (and X = we are done. □ 
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Theorem 5.1.9 (SD^ of real symmetric endomorphism) . Let G be a finite 

group of size N and let A G End(]R[G]). Suppose A is be a symmetric endo- 
morphism i.e?, A — A^ . Then there exist an orthonormal basis a — (ctj) of 
R[G]; and Ai > A2 . . . > Ajv in R such that 

{Aai,aj) — SijXi (5.1.9a) 

for any 1 < i, j < N . 

Proof. This is a standard theorem in hnear algebra for symmetric matrix 
T e M„(K). □ 

CoroUciry 5.1.10 (Rayley inequality). Let G be a finite group of size N and 
let A e End(R[G']) (not necessarily symmetric). Then there exist orthonor- 
mal basis (3 o/R[G], and Ai > A2 . . . > Ajv > m R such that 

{A/3i,A/3j) = 5ijX^, (5.1.10a) 

for any 1 < i, j < N . Let 1 < k < N and suppose v e C[G] with vJ-f3i for 
all i < k. Then we have, 

\\Av\\<Xk\\v\\. (5.1.10b) 

Proof. Since AA^, A^A e End(]R[G]) are symmetric we can decompose A^A 
and AA^ by theorem 5.1.9. Moreover AA^ ,A^A > (i.e., they are positive- 
semidefinite) therefore they have the same, non negative, eigen values. There- 
fore there exist orthonormal basis /3 of R[G], and Ai>A2...>Ajv>0inR 

such that 

{A^A/3„(3,) = S,,X^ 

^The spectral decomposition 
^see fact 5.1.2. 
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(5.1.10a) 



for any 1 < i,j < N. So we are done with (S.l.lOa).-^ 

Let 1 < k < N and v G C[G] and suppose V-L(3i for all i < k. Then we 
have, 

\\Av\\^ = {Av,Av) 
= {A'^Av,v) 

[j2(^,(3,)A''A(3„Y,{v,Pj)f3j 

l<iJ<iV 

N 

i=k 

< >^i\\vr 

so we are done. □ 

Definition 5.1.11. Let G be a finite group of size and let A e End(]R[G]). 
By corollary 5.1.10 there exist orthonormal basis /3 of M[G], and < Aj e M, 
in decreasing order, s.t. 

Denote \i{A) :— Aj and by mi{A) the multiplicity of \i{A). I.e., 

mi(A) dim(Ker(^^^ - A^^Id)). 
Denote A(X) := X2{X) and m(X) m2{X). 
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Rapid mixing and Mixing Growth 

Definition 5.1.12. Let G be a group and let F be a field and let (p, V) be 

finite dimensional representation of G. Denote the fix points of (p, V) by 

Fix(p(G)) -.^ {v eV : p{g)v = v for any g e G} 

:= fl Kevipig) - Id) 
geG 

and if the action is clear from the context we will abbreviate and write 
Fix(G). We will say that {p, V) is a trivial representation if 

Fix(G) = V. 

Definition 5.1.13. Let G be a finite group and let F be a field. Define 

M(G, F) := min {deg{p) : p is a non-trivial irreducible F-representation of G} . 

Since M(G, C) and M{G, M) will be more relevant for our purposes when 
investigating finite groups, we abbreviate 

M(G) : = M{G,R) 

the minimal degree of non-trivial real representation of it. 

Definition 5.1.14. Denote by Prob[G] the elements X e R[G] with X{g) > 
for any g & G and with \\X\\i = 1. Denote by Ux the uniform probability 
on the support of X. I.e., if ^4 = supp(X) then Ux — jijlA- Denote by 
U — Uq = jf the uniform probability on G. 

Simple Fact 5.1.15. Let G be a group of size N and let Y e Prob[G].Then 
we have, 

\\Y-u\\' = ni'-^. 
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In particular 



M II ^ N 



with equality if and only iiY — U. Moreover 

> 1 

|supp(r)| 

with equality if and only HY — Uy- 

Proof. Since Y - U±U and Y - Uy±Uy we get 



|r||2 = ||y _[/||2+||[/||2 

= \\Y - Uyf + WUvf 



therefore the claim follows. □ 

Proposition 5.1.16 (Young inequality). Let 1 < r,p,q < oo and suppose 
^ + ^ = 1 + ^. Let G be a finite group and let X,Y e C[G]. Then we have, 

\\X.Y\\r < \\X\\p\\Y\\q. (5.1.16a) 

We will call such a triple (r, p, q) a Young triple. 

Definition 5.1.17. Let G be a finite group and A e End(C[G]). For any 
p,q> 1 denote the operator norm || A||p q by 



\\A\\p^g^max 



\\A{v)\\p 



v¥=0 \\v\\q 

= ,max \\A{v)\\p 

\\v\\q = l 

Denote by A(A) the spectrum of A and by p(A) the spectral radius of 
A. 
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Simple Fact 5.1.18. For any X e the operators 

L{X), L{X^), L{X*), R{X), R{X^), R{X*) 

have the same spectral radius, the same spectrum and the same operator 
norms. Therefore we write for short 

||X||p,q=||L(X)|U 

and 

p(X) = p{L{X)) 

and the spectrum of L{X) by 

A(X)=A(L(X)). 
In particular, for any Young triple (r,p, q) and X & C[G] we get 

p{X) < \\X\\r,p < \\X\\g. 

Simple Fact 5.1.19. Let G be a group of size N and let X,Y e Prob[G]. 
Then we have. 



\\X.Y -U\\ <X{X) \\Y-U\\ 
\\X.Y-U\\ <X(Y)\\X-U\\ 
Proof. On the one hand 

U.g ^g.U^U 

for any 51 G G so we get that 

X.U = U.X = U 

and so Ai(X) > 1. 
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(5.1.19a) 



On the other hand by Young inequahty 5.1.16 with {r,p, q) — (2, 1, 2) we 
get, ||XF|| < for any Y e C[G] i.e., 

P{X) < \\X\\2,2 < \\X\\i = 1, 

therefore 

X^{X) = 1, 



and by corollary 5.1.10, without loss of generality we can assume Pi = 
Now since X±Y — U, we get by Rayley inequality 5.1.10 that 

\\X.Y-U\\ = \\X.{Y-U)\\ 

(5.1.10b) 

< X2{X)\\Y-U\\ 

so we are done with with the first inequality of (5.1.19a). 
Now since 

\\X.Y - U\\ = \\YV - U\\, 

we can apply the first bound with X = Y^ and Y = X^, so we are done 
with the second inequality of (5.1.19a). □ 

Simple Fact 5.1.20. Let G be a finite group. Then 

Fix(L(G)) = Fix(i?(G')) = span(C/). 

In other words for any linear subspace 7^ 1^ < C[G] we have, 

G.W C W 
^ W.G C W 
<^ iy = span(C/). 
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Proof. Since for any g,h & G we have 



X{hg-') 



{X, hg-') 



g.X{h) 



X.g{h) 



we get that 



X e Fix(G') 



X = X{1). 



□ 



Simple Fact 5.1.21. Let G be a finite group of size N with M = M{G) 
and let X e Prob[G]. Then for any 1 < i < we have, 

mi(X) > M. 

Proof. Set A := L{X'^.X) and for any 1 < i < AT set 

Ai -.^A-X^ild 
Vi := Ker(A). 

Since Ai commutes with all the elements of R{G) and Ai G End(]R[G']) we 
get that Vi is a real representation of G (with the right action of GonVi). 
If i 7^ 1 then /3j±C/ and so by 5.1.20, Vi is non trivial real representation of 



Remark. Note that there is no a priori assumption that \2{X) ^ 1. Actually 
if A2(-^) = 1 then by the same argument we get that 

m{X) =m2{X) >M + 1. 



Gso 



rui = dim(V^i) > M. 



□ 
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Simple Fact 5.1.22. Let G be a group of size N and let M = M{G). Then 

for any Y G Prob[G] we have, 



< \Mf \\Y - U\\ . (5.1.22a) 



Proof. Since ■m2{Y) > M and Y - U±U we get 

||y-C/||2 = ||y||2_ii^ni2 



= ^(Tr(r^.F) - 1) 

N 



N 

i=2 



Corollaries 

The following Corollary is a slight modification of an argument of [NP, BNPl, 
BNP2] (which followed and extended results of [G]). 

Corollary 5.1.23. ([BNP2, Theorems 2.1 and Corollary 2.2]) Let G be a 
group of size N with M — M{G) and let X,Y & Prob[G]. Then we have, 

In 



\\X.Y - U\\ < ||F - U\\\\X - U\\. (5.1.23a) 
Inductively we get for any n eN and Xi, . . . , Xn+i G Prob[G], 

n+l 

\\X,...Xn+i-U\\ < (^)"/'nil^^-^ll- (5.1.23b) 



=1 



Proof. By facts 5.1.19 and 5.1.22 we get, 

{5.1.19a) 



x.Y-ur < A(x)A(r)||r-[/||||x-[/|| 

(5.1.22a) 

< §\\Y-unx-ur □ 
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Corollary 5.1.24. ([BNP2, Corollary 2.3]) Let G be a group of size N with 
M = M{G) and let X,Y,Z e Vioh[G]. Then we have, 



WX.Y.Z - [/||oc < ||X||||r||||Z||. (5.1.24a) 
Inductively we get for any n e N and Xi, . . . , X„+2 G Prob[G] that, 

rt+2 

. . . X„+2 - U\U < (^)"/' n ll^^ll (5.1.24b) 

i=l 

Proof. By proposition 5.1.16 with {r,p, q) = {oo, 2, 2) and corollary 5.1.23 we 
get, 

WX.Y.Z -U\\^ = \\(X.Y -U).Z\\^ 

(5.1.16a) 

< \\X.Y 

(5.1.23a) 



< ■ \ mX-U\\\\Y-U\\\\Z\ 



< ^/§\\X\\\\Y\\\\Z\\. □ 



Now let us the imphcations of the properties above (cf. [BNP2, Corollaries 
2.5 and 2.6 and Theorem 2.14]). 



Theorem 5.1.25 (Babai-Nikolov-Pyber). Let G be a finite group of size N 
with M = M{G). Let Ai, . . . ,Ai C G be subsets of size \Ai\ = where 
Ki e M+. Then we have, 

\AiA2\ > ^mm{KiK2§,N} (5.1.25a) 

and ift>3 then we have^, 

t t 
Y[Ki>M^ =^ Y[Ai = G. (5.1.25b) 
1=1 i=i 



^The case t = 3 was proved in [G, Theorem 3.3]. 
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Proof. For any 1 < i < i set e ProbfG] by 



Since^ 

supp(Xi ...Xt) = supp(Xi) ■ ■ ■ supp(Xt), 

we get by corollary 5.1.23 that, 

1 _ 1 

\AiA2\ ~ |supp(Xi.X2)| 

< 11^1-^211' 

= \\X,.X2 - uf + \\u\\' 

(5.1.23a) 

^ N \\v ||2|| V l|2 I 1 

< mII-^iII II-^2|| +]v 
_ AT 1 1 

M 1 1 



N K1K2 N 
M , 1 1 , 
+ T7)- 



M r 1 

- 27v"^n^2'M. 

Therefore by rearranging the inequalities we are done with (5.1.25a). 
Now by corollary 5.1.24 we get, 

(5.1.24a) r- 

IIX1.X2.X3 — C/||oo < -WmII"'^iIIII"'^2||||-'^3|| 

= \l^{\M\M\M)-"' 



*One can denote the convolution either as Xi* . . .* Xt ov Xi . . . Xt or just hy Xi ■ ■ ■ Xt 
since this is the product in the algebra C[G]. We use in this manuscript the middle way. 
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Therefore if K1K2K3 > then IIX1.X2.X3 - U\\^ < jf so 

Ai-A2-As = supp(Xi.X2.X3) = G 

so we are done with (5.1.25b) for t — 3. 

Similarly by corollary 5.1.24 we get for any n e N, 

(5.1.24b) N ,^V^ 

iixi...x„+2-c/iioo < (^r/'Eii^^ii 

i=l 

i=l 

so we are done with (5.1.25b) for t >3. □ 

As a special case of the previous we get immediately the following Corol- 
lary. 

Corollary 5.1.26. ([BNP2, Corollary 2.11]) Let G be a finite group of size 
N with M = M{G). Let A C G be a subset of size \A\ = K§. Then we 
have, 

> ^mm{N,K\A\}. 

And for any t >3 we have, 

\K\ > M^/* =^ = G. 

Theorem 5.1.27. There exist C G IR+ such that the following holds. Let Fg 
be a finite field and let A be a subset of G = SL2(Fg). Then we have, 

\A\ > Cq^'^ ^ A^^^ = SL2(FJ. (5.1.27a) 

For any 3 < m E N we have, 

\A\ > Cq^^ A^"^^ = SL2(FJ. (5.1.27b) 



53 



For any Q < 8 < \ we have, 

\A\ > q^+' ^ > l52+25_ (5.1.27c) 

Proof. By a well known fact (which was first proved by Probenius) for any 
finite field and G = SL2(Fg) we have, 

M(G,M) = l(g-l) 
> q. 

Therefore ii N ^ \G\ ^ q{q^ - 1) and M = M{G) then 



N 
M 



= 2g(g + l) 
< 2g2(l + o(l)) 



< q'^ 



and for any m > 3, 

N 



2^ 



_/^^l-2/m 

Therefore the claim follows immediately by corollary 5.1.26. □ 

Remark. In particular the theorem guarantee bounded generation for any 

large subset A of G = SL2{¥g). In particular, any subgroup H < G has large 
index 

[G : //] > q. 
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5.2 Symbolic generation of traces 

The Invariant theory of tuples of matrices under various actions was devel- 
oped over fields of zero characteristic. Wc will actually be interested in the 
positive charecteristic (cf. [P], [CP], [Do]). 

Definition 5.2.1. For m > 2 denote by R2,to the ring of invariants of m- 
tuples of 2 X 2 generic matrices (Xi, . . . , X^) over a infinite field F under the 
simultaneous conjugation action of the general linear group. To be precise, 
we have 4m variables Xi, yi, Zi, Wi, . . . , x^, i/m, z^, Wm which we denote by 

I Xi 7/j \ 

Xi — {xi, Hi, Zi, Wi) and X — {Xi, . . . , X^). Each matrix = I I is 

\Zi Wi J 

a formal matrix with four variables Xi for 1 < i < m. We define an action 
of ^ e GL2(F) on f{X,, ...,Xje ¥[X] by 

P{X,,...,XJ := /(Xf,...,X4). 

We define the algebra of invariants of this polynomial ring under the action 
of GL2(F) by 

R2,m(F) := {/ e F[X] : = / for any g e GL2(F)} . 

We will use the following results of Procesi and Domokos-Kuzmin-Zubkov 
(cf. [PI] and [DKZ, §4]). 

Theorem 5.2.2. ([DKZ, Corollary 4.1]) 

//char(F) 2 then, 

{det{Xi),tT{X,^ ■ ■ ■ XiJ : 1 < i < m;l < s < 3]1 < h < . . . < is < m} 

is a minimal system of generators o/R2,m(F). 
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//char(F) = 2 then, 

{det{Xi),tT{Xi^- . . .-Xi^) : 1 < i, s < m; 1 < ii < . . . < is < m} 
is a minimal system of generators ofR2,m{^)- 

Prom this we get immediately the following result. 

Lemma 5.2.3 (Trace generation). Let F be a field and let A C SL2(F) be a 
subset of size 2 < |A| < m. Then we have the ring generation, 



In particular we get the following. 

Corollary 5.2.4. Let ¥ be a finite field and let A C SL2(F) be a subset of 
size \A\ < m. Suppose {A) = SL2(F). Then we have. 



Moreover if char(F) ^ 2 then we have the ring generation. 



(Tr(^[3l)) = (Tr((^))). 



and if char(F) 7^ 2 



(Tr(APl)) = F. 



The same assertion holds under the weaker assumption 



(Tr((A)))=F. 



Similarly if K is a subfield of¥ then 
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Remark. There are various possible generations types, depending on the cat- 
egory of objects which are involved: groups, rings, algebras, vector spaces, 
modules and fields. In the invariant context, rings and groups operations are 
involved. E.g., generation as Fp vectors spaces is stronger then rings and for 
finite fields there is no difference between ring generation and field generation. 
Here the meaning is ring generation in the outer bracket and group generation 
in the internal bracket. Explicitly: {Tr{A^'^^))ring — {T^ {{A) group)) ring- 

5.3 Size of Minimal generating sets of PSL2(F^) 

By Lemma 5.2.3 we got that for any finite field F = with char(F) ^ 2 and 
any subset of generators (A) — SL2(Fg) we have a "Bounded Generation of 
Trace Generators" i.e., 

(Tr(^[3])^ _ ^_ 

In this section we want to extend it to char(F) = 2 as well. The main 
theorem of this section, and the only part that we will use later, is Theorem 
5.3.4 which asserts, 

(Tr(>l[6l)) = F. 

Definition 5.3.1. Let G be a finitely generated group. Let us call a subset 
A of a group G a minimal generating set if (A) = G but for any proper 
subset A' C. A we have {A) ^ G. Let us call a subgroup H of PSL2(Fg) a 
subfield subgroup if i7 = PSL2(g') for some subfield F^/ of Fg. 

Saxl and Whiston proved the following result about the size of minimal 
generating sets of PSL2(Fg) (cf. [SW, Theorem 3 and Theorem 7 with its 
proof]). 
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Theorem 5.3.2. ([SW, Theorems 3,7]) Let G = PSL2(F5) with q ^ a 
prime power and let A = {gi, . . . , Qm} be a minimal set of generators of G. 

Ifr — 1 then \A\ < 4. If r > 1 let r — pl^ . . .p^ be the prime decomposi- 
tion of r and let 

Ai := A\gi and Hi := {Ai). 

If \A\ > 6 then up to some reordering of the g^ 's and the pj 's one of the 
following hold. 

1. For any i > 3, Hi is a subfield subgroup and there exists a unique j for 
which 

Hi < Gj ^ PSL2(p''/^0- 

2. For any i > 2, Hi is a subfield subgroup. For any 1 < j < n, let Sj 
be the set of subfield subgroups Hi for which j is minimal subject to 
Hi < Gj ^ PSL2(p^/P0- Then \Si\ < 2 and \Sj\ < 1 for any j>2. 

3. For any i > 1, Hi is a subfield subgroup. For any 1 < j < n, let Sj 

be the set of subfield subgroups Hi for which j is minimal subject to 
Hi < Gj ^ PSL2(p''/^'0- Then \Si\ < 3 and \Sj\ < 1 for any j>2. 

As an immediate corollary we get the following claim. 

Corollary 5.3.3. Let q be a prime power and G — PSL2(Fq) and A — 
{gi, . . . , gm} be a minimal set of generators of G. Let Hi := {A\{gi}). 
If \^\ ^7 then the subgroups Hi which are subfield subgroups 

Hi - PSL2(F,J 

satisfy that their underlying fields Fg. are generating the whole field ¥g. 
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Proof. Let us use the same notations of the previous theorem. Let q — 
and r = Pi'^ . . . p'^ be the prime decomposition of r. By the previous theorem 
we have three cases to consider. In all the cases we get that for any Sj there 
exist i — ij and Hi and n such that 

In other words for any 1 < j < n, Vi. \ {r/pj). Therefore the l.c.m. of these 
Tj's is 

lcm(rii,...,ri„) =r 

so we are done. □ 

Now let us use this corollary to prove the following Theorem. 

Theorem 5.3.4. Let he a finite field of order q, G — SL2(Fg) and A he a 
set of generators of G. Then we have, 

(Tr(A[6]))=F,. 

Proof. By Lemma 5.2.3 we got that if char(F) ^ 2 then 

(Tr(>l[^l)) = F, 

so we are only left with the case that char(F) = 2 and 

G' = SL2(F,) = PSL2(F,) 

with q — T'. By taking a subset A of A if needed, without loss of generality A 
is minimal generating set. If |^| < 6 then by Lemma 5.2.3 we get (Tr(A[^l)) = 
F 
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Now by induction on r, and the previous theorem, if r = 1 then |A| < 4 

and so 

(Tr(AW)) = F,. 

Otherwise, let r = p^^ . . .p^ be the prime decomposition of r. Now if \A\ > 7 
then by the previous corollary we get proper subfield subgroups 

Hi ^ SL2(2^^) 

such that the subfields generate F2r. By the induction hypothesis on 
these Hi which are generated hy Ai — A\gi, we get 

Therefore {Tt{A^^^)) = F^ as we wanted. □ 

5.4 Avoiding certain traces 

We first start with a useful identity that we will use many times. 

Lemma 5.4.1. Let ¥ be a field and g,h E SL2(F). Then we have, 

Tr{g) Tr(/i) = Tiigh) + Tr{gh-^). (5.4.1a) 

Proof. From the Cayley-Hamilton identity — Ti{h)h + / = 0, we get by 
multiplying by 51 the matrix identity 

gh-i:Y{h)g + gh-^ = Q. 

Therefore by taking the trace and reordering the identity we are done. □ 
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Definition 5.4.2. Let G be a linear group and let A C G{¥) and let X C.¥. 
Denote, 

A|x -{geA: Trig) e X} 
Afx -.^{geA: Trig) ^ X} 

As usual, when X = {x} is singleton we will write just x instead of X and 
we write ±x instead of {ia^}- I.e., 

A|±x — ^l{±x} 

and similarly for Afx and A^^^. 

Definition 5.4.3. Let F be a field and let V{¥) = F2\{(0)}. Let 

P(F) := VXF) = 1/(F)/- 

be the projective line over F where for any u,v & ^(F), 

u = v ■^=^ u V span(M) = span(f ). 

Now let V = V{¥) = F^\ {([!)} and let G = SL2(F) act on V by left 
multiplication. We will be interested in the action of G on P(F) which is 
induced from the action of G on y. Note that 

gv — V <^=^ gv — Xv for some A e F^ . 

For g & G denote, 

Fix(g) := {ve P(F) : gv = v} , 

the fix points of g with respect to the action on P(F). 
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The following simple fact is stated also as a definition. 

Simple Fact 5.4.4. Let G — SL2(F). Denote by Gu the non trivial ± 
unipotent elements in G: 

u E Gu there exist w G SL2(F) and a G {±1} and x E ¥^ such 

that 

u"" ^a\^ ^1 =a{I + xEi2). 
\0 l) 

If we denote the two columns oiwhyw — {wi, ^2) then 

Fix(ii) = {w{} . 

We have, 

Gu = G\^,\{±I} 

^{ueG: |Fix(ii)| = 1}. 

In other words^ 

G'„ = {nGG':Tr(K) = ±2}\{±/}, 
are the elements with exactly one fix point in P(F). For A <ZG denote 

Au := ^ n Gu- 

The following simple fact is stated also as a definition. 

Simple Fact 5.4.5. Let G = SL2(F). Denote by Gg the semi simple ele- 
ments in G: 

s e Gs <(=^ there exist w G SL2(F) and y G F\{±1} such that 

^We write for short x = ±y x € {±2/}- 
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If we denote the two columns oi w by w — {wi, W2) then 

Fix(s) = {w]:, w^} . 



We have, 



Gs — G]^2 

= {s e G : |Fix(s)| = 2}. 



In other words^ 



Gs = {seG: Tiiu) ±2} , 
are the elements with exactly two fix points in P(F). For A C G denote 



As := A n Gs. 



Definition 5.4.6. For ^4 C G we denote for short, 

C{A) = Cg(^) = {9 e G : a« = a for any a e A} 
N{A)^NG{A)^{geG:A<^^A}. 

Simple Fact 5.4.7. Let G = SL2(F) and let s e Gg and u e Gu- Then we 
have, 

C{s) C G, U {±/} 
CH CG„U{±/} 

In fact, 

C(s) = {s' eG: Fix(s') = Fix(s)} U {±/} 
C{u) ^{u' eG: Fix(ii') = Fix{u)} U {±/} . 



®We write for short x ^ ±y x ^ {±2/}- 
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Simple Fact 5.4.8. Let G = SL2(F) and let s eGg and u e G„. Then we 

have, 

N(C(s)) = {9eG: 5(Fix(s)) = Fix(s)} 
n{C{u)) ^{beG: Fix{u) C Fix(6)} . 

In other words if Fix(s) — {wi,W2} then 

g e N(C(s)) <^=^ either g fix both Wi or g fiips between them. 

Similarly if Fix(M) = {wi} then 

^eN(C(u)) ^ g&xwi. 

Definition 5.4.9. For a subset V C SL2(F) denote 

Fix(V) := fl Fix(^). 

g^V 

The following Lemma is a slight modification of an argument of Helfgott 
for producing many semi-simple elements (cf. [He, §4.1 Lemma 4.2]). 

Lemma 5.4.10 (Helfgott). Let ¥ be a field, let G = SL2(F) and let A C G 
be a finite subset. Suppose (A) is a non-abelian subgroup^ of G. Then we 
have, 

Proof. Let A' := A\{±I}. Then A' = Au U Ag and by the assumption 
l^l'l > 2. If ^4^ = then \As\ > 2 so \As\ > ^\A\ so we are done. Otherwise 
let g E Au and set C — Caig) and B — A\C. By the assumption, S 7^ 0. 
''or we could write for short [A, A] ^ 1. 
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U h E Bu then for some x,y and w e SL2(F) and a,b e {±1} we 

have 

(a x\ 
= al + xEi2 
aj 

h^=\ =bI + yE2i 

and {h-^)"" = 6/ - y E21. Therefore 

TT{gh^^) = 2ab ± xy. 

Now if char(F) = 2 then both gh, gh~^ are semi simple elements and if 
char(F) ^ 2 then at least one of gh, gh'^ is semi simple. 

Therefore we get that for any h e B, either h e Gg or gh e Gg or 
gh~^ e Gg- Therefore A^^l contains at least ^\B\ semi-simple elements so 

\A^'^nGs\>^\B\ = ^-{\A\-\CA{g)\). (5.4.10.1) 

On the other hand, if /i G A\C then /i-Ca(c/) C A^^\C. Set 5' = A^\C and 
so > |Ca(5')|- Therefore by applying the previous argument (5.4.10.1) 
with ^ — B' we get that, 

\A^'^nGg\>^\B'\>^\CA{g)\. (5.4.10.2) 
Putting together (5.4.10.1) and (5.4.10.2) we get, 

1^13] n Gg\ > imax{|yl| - \CA{g)l |C^(^)|} 

>\\A\. □ 
The following Lemma is a slight variant of Lemma 5.4.10. 
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Lemma 5.4.11. Let ¥ be a finite field. Let G — SL2(F) and let AC. G and 

suppose {A) = G. Then we have, 

mo\ >\\A\. 

Proof. If char(F) = 2 then Gg — G\q so we are done by Lemma 5.4.10. 
Otherwise char(F) ^ 2 and therefore Gig C G^.. If ^ Tr(A[2l) then we 
are done. Otherwise fix gf e ^'^'|o and let a; e F with a;^ — —1. Therefore* 
Kq) = Spec^{g) = {iu;}. 
Note that 

Tr(5) = ^ ^2 ^ -/ 

Denote C = Caig) and N = Ng(C). By the assumption and by fact 5.4.8 

A<^N. 

Set B = A\N ^ and let heB.li Ti{h) = then 

Tr{gh) = <^ ghgh = -I 

^ gg'' = I 
<^ g^^g-\ 

Therefore TT{gh) = h e N =X= contradiction! (since we we took h ^ N). 
Therefore we got that either Tr(/i) 7^ or Tr^gh) ^ 0. So 

\A%\>l\B\ = l{\A\-\AnN\). (5.4.11.1) 

On the other hand if /i e A\N then h{A D N) C A^'^^\N therefore, 

|AP1\A^| > \AnN\. 
^We denote Spec^{g) to emphasize that we take all the eigen values in F. 
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Therefore by applying the previous argument (5.4.11.1) with ^ — B' — 

API \ AT we get that 

\A%\>l\B'\>l\AnN\. (5.4.11.2) 
Combining (5.4.11.1) and (5.4.11.2) we get 

\A%\ >\\A\. □ 

Lemma 5.4.12. Let ¥ be a finite field and let G — SL2(F). Suppose AQG 

with {A) = G and letK <¥ be a proper subfield. Then we have, 

14,1 >0 ^ |A[\|>1|A|. 

Proof. Denote B = A^^\ li\B\^\>^\A\ then we are done so assume 

1 



Prom Lemma 5.4.11 we get that 



Therefore 



m > \\Ay 



\BU>(\-^M = \\A\. 



Prom Lemma 5.4.1 if gi G Gf, and h e G\^^ then, 

either Tr(^/i~^) ^ E or Tr(^/i) ^ E. 
By the assumption there is e A\.g^ therefore we get B' :— gB C and so 

\A%\ > \B'\^\ 



(5.4.1a) I 

> -\B\ 
- 2' 



EX 



> □ 
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Therefore we get immediately the following result. 

Corollary 5.4.13. Let ¥ is a finite field and let G = SL2(F). Let A Q G 

and suppose {A) ~ G and (Tr(A)) = F. Then for any proper subfield E < F 
we have, 

Corollary 5.4.14. Let ¥ is a finite field and let G = SL2(F). Let A C G 
and suppose (A) — G. Then for any proper subfield E < F u;e have, 

I lEl - I 
Proof By Lemma 5.3.4, {Tr(A^^^)) = F therefore 

\A%\ > 0. 

Now as in the proof of Lemma 5.4.12 we get that either l^l'^^fgl > -^lA] (and 
then we are done) or 

l^^\x|>^|A|. 

Therefore if take b e A^% and B' := A^\^ and B" := bB' C A^l then we 
get 

(5.4.1a) 1 1 
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Chapter 6 



Growth properties of SL2(]Fg) 

6.1 Some useful Growth properties 

Definition 6.1.1. Let G be a group and g,h E G. Define the conjugacy 
class equivalence by 

g h <S=^ = h^. 

I.e., g ^ h ■^=^ g^ = x~^gx = h for some x E G. Given a subset A Q G 
denote 

A = A/^ . 

By abuse of notation we will view ^4 C A as a set of representatives so: 

Va e A, 3!6 e A such that a b. 
The following useful Lemma connects growth and commutativity. 

Lemma 6.1.2. ([He, §4.1 Proposition 4.1]) Let G a finite group and let 
^ A C. G. Then there exists a & A such that, 

|CW«)I>^^T^- (6.1.2a) 
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If (A) — G then for any proper subgroups H, K < G we have, 

lA^^'^iH U K)\ > ^\A\. (6.1.2b) 
Proof. Let a,b E A and g E G and suppose g'^ = g^. Then we have, 

Therefore we get, 

h e GAa-^{g)a C GAA-^{g)a- 
Therefore for any g E Awe get that g^ C A^^AA and 

< \g% (6.1.2.1) 



\A\ 



\GaaA9)\ 

On the other hand if we denote K = A then 



1 ^, |A^I \A-^AA\ 



Therefore there exists e ^4 C A s.t. 



Ml (6.1.2.1) (6.1.2.2) 



\Gaa-A9)\ - ' - 
SO by arranging the inequahty we are done with (6.1.2a).v^ 

Now suppose {A) = G. Since 7^ we get that for a e A\H, 

a{A nH)C therefore 

> max{|^\i/|,|^ni/|} > -\A\. 

2 

li H — K then we are done, li A (Z H \J K then there exists a, a' e A 
such that a G and a' G K\H therefore aa' G A[^]\(i/ U fC). In any case 

there exists h G A^^'^\{H U iC). Denote B = so b E B\K therefore 

b{B nK)C therefore 

\A^^'^\{H U K)\ > max{\B\K\, \B n K\} > -\B\ > ^A] 

so we are done with (6.1.2b). y/ □ 
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Corollary 6.1.3. Let ¥ be a field. Let G be a subgroup o/GL„(F) and let 

A <Z G be a finite subset. Let B <Z A with \B\ > c\A\ for some c G M+. Then 
there exists b & B such that, 

\C^A-<b)\>c\^^^. (6.1.3a) 

Proof. Since conjugate elements have the same trace we get, 

\A\ > \ Tr{A)\. 

Therefore by Lemma 6.1.2 there exists a e A such that, 

Therefore if B C. A and \B\ > c\A\ then there exists b & B such that-*^, 

\CAAAb)\>\CBB-^{b)\ 

Tv(D)\\B\ 
\B-^BB\ 



> 



\Ti(B)\\A\ 

A variant of the following Lemma was proved in [He, Proposition 4.10]. 
Here, we will show another way of proving it. 

Lemma 6.1.4. Let ¥ be a field and let G — SL2(F). Let g E Gg be a semi 
simple element. Let h & G and suppose Fix{h)\Fix{g) ^ 0. Define the 
function F : SL2(F) ^ by 

F{b) = (Tr(6),Tr(c/6),Tr(/i6)). 

Then mult(F) <2. In particular, for any subset B C. G, 

^\B\ < \F{B)\ < |Tr(S)||Tr(^S)||Tr(/iS)|. (6.1.4a) 



want to thank H.Helfgott for helpful discussion concerning this variant. 
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Proof. There exists w e SL2(F) such that 



r a 


a 




a~ 


(p 









-\ 


X 




U 



h 



with 6 e and a ^ {±1}. Let ^' = I " "I e SL2(F). 

\z w I 

We need to show that for any ci, C2, C3 there are at most two g' with 

det{g') =1 

= {Tr{g'),Tr{gg'),Trihg')) = (ci, C2, C3) 
By opening trace equahties we get the hnear system 



/l 1 0^ 

a a"^ a 



w 

y 



\C3j 



Denote A 



1 1 



and a; 





/ 























and c 



C2 
VC3/ 



Therefore, 



a a ^ a 

from our assumption on b and a, 

rank (A) = 3 

so the set of solutions A~^{c) is either empty, or a one dimensional affine 
4 

hnear subspace of F . Note that for any z there is exactly one triple {x, w, y) 



H.e., A ^(c) is a dilation of a one dimensional linear subspace of F . 
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such that g' is a solution. On the other hand, g' e SL2(F) so xw — yz — 1 
and therefore there at most two solutions g' on the affine line A~^{c) with 
det(g'') = 1. In other words 



6.2 Avoiding subvarieties 

Definition 6.2.1. Let F be a field. Let G be a group and let (V, p) be a 
finite dimensional representation of G over F. When the action will be clear 
from the context we will write the linear action on V simply by gv instead 
of p{g)v. Let Wi, . . . < V he proper subspaces of V and let 



1=1 

We will assume that the above union is non trivial in the sense that 

Wi<Wj^i = j. 

We will call W a lineeir Vciriety with decomposition^ W — Wi. De- 
note 



A-^(c)nSL2(F)| < 2. 



□ 



m 




StabG(W) ^{geG:gW^W}. 



We will sometimes abbreviate and write 



Gw = Stab(W) = StabG(l^) 



^if the union is non trivial then the decomposition is unique. 



73 



when the group G is clear from the context. Denote, 

dim(W) := max{dim(Wi)} 

i 

degd(W) := I {i : dimiWi) = d} \ 
deg(W) - degdi^(^)(iy). 

The following "escaping Lemma" will be useful. The following proof is a 
slight modification of [He, §4.2 Lemma 4.4]. 

Lemma 6.2.2 (Helfgott). For any n,m G there exists k e N+ such that 
the following holds. Let G be a group and let (V, p) be a finite dimensional 
representation ofG over a field ¥. Let Wi, . . . Wm <V be subspaces ofV and 
suppose W = [J-Wi is a linear variety with dim(W^) < n. Let A be a subset 
of generators of G. Let ^ w & V and denote the orbit of w by O :— Gw 
and 

K; ■.^¥[G]w = span(O). 

Suppose O ^W. 

Then for any w' E there exists g e ^l^*^' such that gw' ^ W. In 

particular for any w' E O there exists g e A^'^^ such that gw' ^ W . 

Proof. Note that the claim is trivially true for w' & Vyj\W so we need to 
prove it for 7^ to' G \4; D W . In particular, if fl = we are done. 

Without loss of generality = Ui the decomposition of as a 

union of spaces. Set for 1 < i < m, Oj := O fl Wj and := T4, fl Wj and 

m 
i=l 

By the assumption for any i < m, O <^ W^. Therefore 

= span(O) ^ Wi 
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so Vi < Vw and Vi < Wi. Now for any g E G, 

gOi^g(OnWi)^OngWi 

and gVi = g{Vy, n W^) = K; n gWi. Note that Oj = <^ = 0. 
If T^i = then for any g E G, 

Q^VingVi^V^nWiHgWiKWi. 

Now suppose Oj = O n Wi 7^ for some i < m and let 

Since Gx^ — O we get that there exists gi E G such that g^jX^ ^ Wi so 

In other words Stab(l^) ^ G. Therefore Vi n giVi < so 

v^nWif] giWi <v^nWi< Wi. 

Since (A) = G we can choose gi to be G ^. 

Therefore if dim(iy) > and dim(iyi) = dim(iy) then there exists 01674 
such that 

Vi n aiV = K; n Wi n aiWi < Wi 

and for all other j < m, Vj D aiVj < Wj. Set for any 1 < j < m, Wij :— 
Vj n aiVj = K; n Wj n a-^Wj and 

m 

W(i) := W(o) n aiW(o) = |J Wy. 



Therefore 



W(i) C W(o) C W 
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so either 

dim(iy(i)) < dim(Vr(o)) < dim{W) 

or 

deg(W^(i)) < deg(H^(o)) < deg(iy). 

Therefore by iterating the previous step either = or we can find 02 G A 
such that for W(2) := K, n W(i) fl 02^^(1) we get 

either dim(VF(2)) < dim(PF(i)) or deg(VF(2)) < deg(Ty(i)). 

Therefore for some k < mn we get that W(^k) — therefore 

Therefore for any w' eV^jHW there exists g e A^'^^ such that w' ^ W 
so we are done. □ 

Now we will prove the following result. 

Corollciry 6.2.3. There exists k e N+ such that the following holds for any 

finite field ¥ of size |F| > 3, and for any subset of generators A of SL2(F). 
For any u e GL2(F), there exists a e A^^\ such that a" has no zero entries. 

Proof Denote G := SL2(F) and \/ := M2(F) and for 1 < i,j < 2 



ail 0'i2 
.fl2i 022, 



Wij := l\ \ & V : aij = 



/ 021 022 \ 

and W = Ui,j ^ij- Equivalently, if = \ 

ai2 / 

Ojj = <(=^ gcj — Xci for some A e F 
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Now we are going to use Lemma 6.2.2 with the group G" and the orbit 

= of w' = I and the hnear variety W. We can use Lemma 6.2.2 if we 
show that ^ W. We will show that |G" nW\ < \G\ so G" ^ W. 

Let u — {ui,U2) where Ui are the columns of u. Therefore for any g e 
G" n there exist 1 < i,j < 2 such that gul = uj. I.e., gui = Xuj for some 
A e . Denote 

Gij :^ {g e G : gWi ^ u]} . 

So G" n = Ui,j<^ij- In order to prove |G" n PF] < |G| we will bound 

1 Ui j Gij I from above. 

Let us choose for any i e {1, 2} some u'^ e F^{0} such that itj, it- are hnear 
independent. Now if g,g' G G^j then (/?7„j = Auj and g'ui = X'uj for some 
A, A' e F. Note that knowing gu'^^ and gftij determine g therefore ii g,g' € Gij 
and g'li^ = g^'ii- e F^{0} then we must have A = A' since det(g') = det(g'') = 1. 
Therefore we conclude that for any i,j we have |Gij| < |Fp — 1. Therefore 
|G" n 1^1 = \ \JGij\ < 4(|F|2 - 1) - 1 since / G Gn n G22. So if |F| = g > 4 
then 

|G"| = \SL2(¥)\ = ^(^^ - 1) > 4(g2 - 1) - 1 > \[jGij\ 

so in particular G" ^ H^. 

Therefore we can apply Lemma 6.2.2 to get the following. For any u G 
GL2(F) there exist a G A^''^ such that 

a" has no zero entries. □ 
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6.3 Reduction from matrices to traces 



Definition 6.3.1. Let F be a field and let g,h e SL2(F). We will say the g 
and h are entangled (or simultaneously triangular) if 

either Fix(/i) C Fix{g) or Fix{g) C Fix{h). 

The following Lemma will be useful later (cf. [He, Lemmas 4.7, 4.9]). 

Lemma 6.3.2 (Helfgott). There exists C > such that the following prop- 
erties hold for any field ¥. Let g,h E SL2(F) and suppose they are not 
entangled. Then there exists w e SL2(F) such that 



g'"= \ \ and h""^ \ . (6.3.2a) 





Moreover if g E Gu then a = ±1 and x ^ (and similarly for h G Gu)- 

Let V C SL2(F) be a finite subset of diagonal matrices and suppose V ^ 
{±7}. Let g e SL2(F). If g has no zero entries'^ then we have, 

\VgVg-'V\>^\V\\ (6.3.2b) 

IfUC. SL2(F) is a finite non empty subset which has no triangular matrices^ 
then we have, 

2 

Proof. By taking the two eigen vectors wi,W2 G F oi g and h respectively 
such that wi e Fix(g()\Fix(/i) and W2 € Fix(/i)\Fix(5(), and normalize them 
if needed, we get (6.3.2a). \/ 



*i.e., ahcd ^ where g = ( " ^ ) • 
^i.e., 6c 7^ where u= ( " d ) • 
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x' y' \ \ I stx' st~^y' 

' we get Vg'V = < { \ : s,t e S } . Therefore Frod{Vg'V) 



z' w' \s-Hz' s'H-'^w' 



Prod{g'). Moreover, we see that unless g' is diagonal or anti-diagonal^ we 
can recover from any element of Vg'V the values s^,t^ so l^fif'^l > 
Now let g' e V^ so 



x' y' 



z' w' 



,-1 



h 


is 






s ^bc 


(s — s~ 


- s)ac 





Therefore if s 7^ ±1 then x'y'z'w' 7^ so in particular g' is neither diagonal 
nor anti diagonal. Altogether we get that 

\VV^V\>\\V\'\V\{±I}\>^\Vf 

so we are done with (6.3.2b) .^y 

For any g E U denote by Ug the subset of all g' e U with the same 
diagonal as g. Consider the trace map TV : g{Ug)-' ^ TtiUU-'). By 
calculating the trace Tr {gg'~^) one see that each fiber is of size at most 2. 
Therefore for any g e U we have | Tr{UU~^)\ > ^\Ug\. Since there exists g 
with 

- |Diag(C/)| 



« , 7^0 \ / ^0^ 

"i.e., has the form | '^'^ 

^0/ WO 
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we get, 



TT{UU-')\>-\Ug\>'^ 



2' ^' - 2 |Diag(C/)| 
so we are done with (6.3.2c). □ 

The following Lemma is the corner stone which connects the Growth of 
matrices and the Growth of traces (cf. [He, Propositions 4.8, 4.10]). 

Lemma 6.3.3 (Helfgott). There exist k e N+ and C e R+ such that the 
following holds for any finite field F. Let G — SL2(F) and let A C. G he a 

subset of generators ofG. Then we have, 

|Tr(Al^l)| > (6.3.3a) 
There exist V C A^^'^ and w e SL2(F) such that are diagonal and 

We also have, 

|Tr(A)| < C ' . (6.3.3c) 

Proof. By Lemma 5.4.10 there exists ko e N+ such that for Aq :— A^''°^ we 
have 

l^onG,! > |^|. 

Let h G Aq n Gg he a. semi simple element in and let {v, u} = Fix(^) be 
its two fix points in P(F). Without loss of generality {v,u) e SL2(F) and let 
us write from now the SL2(F) elements with respect to the basis^ {v,u) of 



''We denote a basis of a space as a tuple of vectors and not as a set of vectors. Therefore 
the notation {v, u) has a double meaning either as matrix (a tuple of columns) or as tuple 
of vectors. 
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Denote by H and K the stabilizers of these points 

H :— {g & G : gv — v} and K :— {g & G : gu — u} . 

By Lemma 6.1.2 there exists ki e N+ such that for Ai :— ^jf^' and U :— 

Ai\{H\JK) we have, 

(6.1.2b) 

\U\ > |^|. 

Since U has no triangular matrices we get by Lemma 6.3.2 some k2 G N+ 
such that for A2 := A^''^^ and D := Diag(t/) we have, 

, (6.3.2c) \U\ \A\ 

\Tr{A2)\ > \Tr{UU-')\ » p » 

In order to complete the proof of (6.3.3a) we will show that \D\ < 
|Tr(A2)p. Now for any t e Tt{U) denote by St the elements in D with 
this sum and by Ut the elements in U with this trace. Therefore for some 
t e Ti{U) we have, 

m>\sA>J^> 



Tr{U)\ - |Tr(A)| 

Therefore in order to complete the proof of (6.3.3a) we will show that for 

any t G Tt{U), 

\Ut\ <\Tr{A2)\ 

[r o\ ((^ A 

Indeed since h — \ I & Aq then for any 9 — \ G t/j we have 

\Q r-^j \c dj 

Tr(hg) = ra + r~^d = (r - r~^)a + r~H 

therefore the trace map Tr : hUt — >■ F is injective so 

\Ut\^\Tr{hUt)\<\Tr{A2)\ 
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so we are done with (6.3.3a).-\/ 

Denote by i? := Aq Ci Gs the semi simple elements in Aq. As we seen 
before previously \B\ ^ \A\. By corollary 6.1.3 there exists b & B such that 
for A3 := A|f' and V := 0^3(6) we get, 

> \CBBMb)\ 
(6.1.3a) \ Tr{B)\\Ao\ 



> 
> 



iQ ^0^01 

(|Tr(Ao)|-2)|A| 

l^3| 

\Tr{A)\\A\ 



Since b is semi-simple there exists w' G SL2(F) such that 

V"' are diagonal and V C A3 (6.3.3.2) 

so we are done with (6. 3. 3b). a/ 

By (6.3.3.1) and (6.3.3.2) there exists a basis w' e SL2(F) and V C A3 
such that y"'' are all diagonal and 

(6.3.3.1) Mol 
\Tr{A)\ < |y' ' " 



where A3 — Al'^^l ^^(^ /j;^ .— ^f^^ 

By corollary 6.2.3 there exists e N+ and g e A4 :— A^'^^^ such that 
g'^' has no zero entries. Now we set := 5max{A;4, /ca} . Therefore VV^V C 
Aq := A^'^^K Therefore by Lemma 6.3.2 we get, 



\A.\ > WV^Vl 



(6.3.2b) 



(6.3.3.3) 



> V 



3 
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Therefore we conclude, 



Tr{A)\ < \V\ 



\A\ 



(6.3.3.3) 





4/3 




\A 





SO we are done with (6.3.3c).y 



□ 



6.4 Corollaries 

Let us collect the properties that we will exploit soon. 

Theorem 6.4.1 (Helfgott). There exist k e N+ and C e M+ such that the 
following holds for any finite field F. Let A be a subset of generators of 
SL2(F). Then we have, 

\Tr{A^''^)\> ^\A\^/^ (6.4.1a) 

|^[fe]|4/3 

|Tr(^)| < C ' (6.4.1b) 
\A^''^nG,\> hA\ (6.4.1c) 

Proof. Parts (6.4.1a) and (6.4.1b) were proved in Lemma 6.3.3 parts (6.3.3a) 
and (6.3.3c). Part (6.4.1c) was proved in Lemma 5.4.10. □ 

Now let's see how Helfgott managed to reduce the Growth of A^''^ to the 
Growth of Tr{A^'^'^) and then to reduce the Growth of traces to the Growth 
of eigenvalues (cf. [He, §3 Proposition 3.3 and §4.4]). 

Theorem 6.4.2 (Helfgott). There exist k e and C e R+ such that for 

any e G M+ that following holds. Let ¥ be a finite field and let A be a subset 
of generators o/SL2(F). Denote Ai = A^'^^ and A2 = A^'^^K Suppose 

IA2I < (6.4.2a) 
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Then we have, 

< I Tr(yli)| < C|yl|^/3+Ce (6.4.2b) 
and there exists a semi simple element g & AiHGs and V :— CAiig) ^^^^ 

\V\> hTr{Ai)\'-^'. (6.4.2c) 

Moreover, if 

1^2! < |^r+^ and |Tr(A2)| < |Tr(Ai)|^+^ (6.4.2d) 

then there exists a semi simple element 

g eAiHGs and V := Ca^ (g) 

such that (6.4.2c) holds and also 

I Tr(l/2)-Tr(V^2)| + | T:t{V^) + Tr{V^)\ < C\ Tr{V^)\^+^'. (6.4.2e) 

Proof. In the following proof we will use always the notation = A^''''^ but 
we will change few times the value of k itself. We will always increase its 
value so to fit to all the properties that we will need. All the properties 
of subsets that we will use are "monotone increasing" in the sense that if 
A^^^ has the property V and k < k' then A^'^'^ e V ets well. Note that the 
hypothesis depend also in the value of k (and they are "monotone decreasing" 
properties). 

By theorem 6.4.1 there exists ki e N+ such that the following holds. 
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Prom the assumption (6.4.2a) for k > ki we get, 

, ,„ (6.4.1a) 

^ \T:t{A,)\ 

(6.4.1b) 

1^1 

. KT! (6.4.2.1) 

- 1^1 

« |y4|V3+0(.)_ 

SO we are done with (6.4.2b). ^/ 

We also get by theorem 6.4.1 that, 

(6.4.1c) 

\A,nGs\ » \A\. 

Therefore by corollary 6.1.3 there exists k2 € such that the following 
holds. If A; > max{/ci, k2} then there exists a semi simple g e B :— AiOGg 
with large centralizer: 



(6.1.3a) lAi 



\M (6.4.2.2) 



1^1 

> (|Tr(A)|-2) 

(6.4.2a) 

» \TT{A,)\\Ar 

(6.4.2.1) _ , , 

» '|Tr(Ai)p-o(^) 

so we are done with (6.4.2c). 

Let g G Ai n Gs he as in (6.4.2.2) with large centralizer 

I Tt{A,)\ ^'<<'^ I C^,(<7)r^(^) = iV^r^(^) (6.4.2.3) 

where V :— 0^2(5')- By conjugating g with u e SL2(Fg2) such that g'^ is 
diagonal we get that all are diagonal, since g is regular semi simple. By 
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corollary 6.2.3 there exists ^3 e N+ such that ii k > then there exists 
a G Ai such that a" has no zero entries. Therefore if /c > max{A;i, A;2, ^3} 
then 

Therefore if we take k = lOmaxj/ci, k2, k^} we get that 

^[4]^a[4] c 

Now suppose (6. 4. 2d) holds with k = 10max{A;i, /c2, ^3}- Therefore we get, 

|Tr(y"W(a")-iy"Wa")| = | Tr(V^WT/"W)| 

< |Tr(^2)| 

(6.4.2d) 



< I Tr(^i 

< |Tr(V^)| 



l + 0(£) 



By applying theorem 4.3.7 with and a" we get, 

I Tr(V2).Tr(V')| + | Tr(V2) + Tr{V^)\ ^^'<'^^ C\ Tr{V^)\^^^' 
so we are done with (6.4.2e).-^ □ 
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Chapter 7 



Main results 



7.1 From matrices to traces and back in finite 
fields 

Proposition 7.1.1. There exists C G IR+ such that the following holds. Let¥ 
be a finite field and G = SL2{¥) and let £ e M+ with s < ^. LetV C SL2(F) 
be a subset of diagonal matrices of size \V\ > C. 
Suppose 

Tr(y) is an impure e-field (7.1.1a) 

and 

|Tr(VW)| < |Tr(V)|i+^ (7.1.1b) 

Then we have, 

Tr(VW) IS note-field. (7.1.1c) 
Proof. Set N :— \ Tr(V")|. By the assumption (7.1.1a) there is some proper 
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subfield E < F and some x such that we have 

I Tr(y)\xE| < and |E| < N^+\ 

By the assumption (7.1.1a), Tr{V) is an impure subfield so | Tr(y)\E| > 0. 
There are two cases to consider: either (1) a; e E or (2) x ^K. 
Case (1): Suppose 

xeE and < | Tr(l^)\E| < 7V= 

and let g E V with Tr{g) ^ E. Since g{V\^^) C V^l we get by Lemma 5.4.1 
that, 

\vM > MVU)\^\ (7.1.1.1) 



(5.4.1a) 
> 


^I^IexI 


> 


^(i^y-2) 


> 


I^IeI 


> 




> 


N. 


(7.1.1b) 

< N^+^ so 



Tr(V[2l) cannot be £-field. (7.1.1.2) 

Indeed: the bound (7.1.1.1) exclude the possibility of Tr(V"[^]) to be E'-field 
for E' = E or any other coset E' = xE of E. Now for any other field E' E 
if |E'| < |Tr(yP])|i+e then 

lE'l < iVi+o(^) 
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(7.1.1b) 

since |Tr(KW)| < N^~^^. Therefore the intersection of the field E with 
any coset x'E' is 

lEnx'E'l < |EnE'| < N^^'\ 
So the intersection is too small to contain Tr(l/|jg), since 

|Tr(Vy|>i|y|J>iV-7V^»Ar. 

Therefore wc are done with (7.1.1.2). 
Case (2): Suppose 

Tr(l^) C xE with |E| < N^+' and x ^E. 

This case is proved in a similarly to Case (1): By multiplying by some g G 
^Le ^® Lemma 5.4.1 that at least ||^|j.(]|;x)| elements in V^'^'^ have 

trace not in xE. Therefore, as was proved in (7.1.1.2) in Case (1), we find 
that Tr(\/[21) cannot be £-field. 

In both cases we get that Tr(l/[^1) cannot be £- field so we are done with 
(7.1.1c). □ 

Proposition 7.1.2. There exist C e M+ and k e N+ with k > C such that 
the following holds. Let ¥ be a finite field, G — SL2(F) and let e e R+ with 

LetE<¥ he a proper sub field, A C SL2(F) with {A) = G. Forl<i<2 
denote Ai — A^'''^ and suppose 

l^al < |^r+'- (7.1.2a) 
Then there exists a semi simple element 

g e AiHGs and V C Ca2{9) 
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such that 

|Tr(y)|>i|Tr(A2)r-^^ (7.1.2b) 
Tr(V) C F\E (7.1.2c) 

Proof. In order to make the notations in the proof simpler, we will use the 

notation Ai := A^^''^ and we will increase, during the proof, the value of k. 

By Lemma 5.4.14 there exists ki e N+ such that for k > ki and B :— Ai\-g^ 
we have 

\B\ = 1^41 > \A\. (7.1.2.1) 
Now let g E AiOGghe a, semi simple element with 

Fix(^) = {a;i,a;2} CP(F). 

Suppose that for any h e A we have Fix{h) C Fix{g). Since (A) = G we 
have Fix(yl) = so we can find /ii,/i2 £ A such that Fix(/ij) = {xi} so 
Fix(/ii/i2) n Fix(g') = 0. In any case there exist h e A^'^^ such that 

Fix(/t)\Fix(y) 7^ 0. 

Therefore by Lemma 6.1.4 we get that if A; > max{A;i, 2} then 

(6.1.4a) 

\B\ < \Ti:{B)\\Tt{gB)\\Tr{hB)\ 

(7.1.2.2) 

< \Tt{B)\\Tt{A,)\'. 
Now by by theorem 6.4.1 there exists k2 € N+ such that if A; > max{2, ki,k2} 
then we have, 

,^ , , (6.4.1b) Mf2l|4/3 

|Tr(^2)| « 



< 



1^ 




4/3 




1^ 





(7.1.2.3) 
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Therefore we conclude, 



, ^, , (7.1.2.3) 

\Tr{A2)\'-''^'^ « 1^1 

(7.1.2.1) 

< \B\ 

(7.1.2.2) 



< |Tr(i?)||Tr(A2)r 

< |Tr(A,)|=^ 



Therefore we get 



|Tr(5)| > |Tr(^2)r-''^'^ 
\Tr{A2)\ » |A|V3. 



(7.1.2.4) 
(7.1.2.5) 



Now suppose 



k > max{3, ki, /C2} 



Therefore by corollary 6.1.3 there exists b e B s.t. 



> 



|Ar%Ail 

\Tr{B)\\A\ 



(7.1.2a) 

> |Tr(i?)||^|-^ 

(7.1.2.5) ^, , 

» |Tr(S)||Tr(A2)|-°(^) 

(7.1.2.4) , ^, , 

» |Tr(yl2)r-''^^^. 



(7.1.2.6) 
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Let 6 be as in (7.1.2.6) and set^ 



c 


:= Cb-ib(&) 


c 




C" 


:= C U hC 


V 





Note that Tr(6) ^ E so 6 is semi simple therefore we get that Cg(&) are 
simultaneously diagonalizable therefore \C'\ > \C\ — 2 and | Tr(\/)| > ^\V\. 
Now by Lemma 5.4.1 we get that for any c E C that, 

either Tr(c) ^ E or Tr(6c) ^ E or Tr(bc~^) ^ E. 

Altogether we get that V C Ca2(&), since V C Af^ C and 

|Tr(y)| > \V\ 

(5.4.1a) 1 

> -,\c'\ 

> l{\C\-2) 

> |C| 

(7.1.2.6) , ^, , 

» |Tr(^2)r-''^'^. □ 



7.2 Conclusions 

We extend the following key proposition of Helfgott (of. [He, "Key Proposi- 
tion" in §1.2]). 

want to thank H.Helfgott for a very fruitful discussions related the following argu- 
ment. 
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Theorem 7.2.1 (Helfgott). For any S e R+ there exist e e R+ such that 
for any finite field ¥p of prime order and any subset of generators A of 
G — SL2(Fp) we have, 

\A\ < \G\^-^ ^ \A^^^\ > \A\^+'. 

Moreover, there exist absolute A; e N and Sq e M+ such that 

\A\ > \G\^-^° =^ ^['^l = G. 

The main result of this manuscript is the following extension of the the- 
orem above. 

Theorem 7.2.2 (Theorem 2.2.1 from the Introduction). There exists e G M_|_ 
such that the following holds for any finite field ¥q. Let G be the group 
SL2(Fg) and let A be a generating set of G. Then we have, 

> min{|A|^+^ . (7.2.2a) 

Proof. By theorem 5.1.27 there exists Co, 5q G 1R+ such that 

Therefore if 1^41 > CqIG^T"^" we are done with (7.2.2a). So we will assume 
from now 

1^1 < \G\^-^°. 

Let 3 < /c e N+, £o e M+ and cq G R+ with cq < 1. By Lemma 4.1.9 
the following holds with s' — ^ and d — ^. For any group G and any finite 

subset A C G we have, 
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Now if |74|^'/^ < ^ then A is bounded but if A is a subset of generators we 
get that 

1^(3) I > |A| + 2 > \A\^+'" 
for some e" G M+. Therefore for any e < mm{e' /2,e"} we get that, 

Therefore in order to prove (7.2.2a) it is enough to prove 

for some absolute 3 < A; e N+ and cq, £o £ 
We will use the notation 

and we will prove that there exists C G IR+ and i G such that the following 
holds. There exists A; G N and e G M+ with k > C and £ < ^ such that we 
have (provided |A| < C|G'|^-''°) 

By Lemma 5.3.4 there exists ko G N+ such that ii k > ko then Tr(74i) is 
not contained in any subfield i.e., 

(TV(AO) = F,. 
Set £i := |. Note that if < / < £i, then 

i-/< Y^<i-^/<i-^^(/) 

and similarly l + /<^<l + 2/<l + 0{f). 
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By theorem 6.4.2 (6.4.2b) there exists ki e N+ (and imphcit Ci > 0) such 
that for any e G M+ and k > max{A;o, ^i} we have either 

\A2\ > \A\'+' 

(so we are done) or 

^ I Tr(Ai)| < \A\^/^+oi^) (7.2.2.1) 

(exphcitly: ^jA]^/^ < |Tr(Ai)| < Ci| A|^/^+'^i^). By applying again theorem 
6.4.2 (6.4.2b) now for Ai, for any k > max{A;o, ki} we have either 

(so we are done) or 

^ I Tr{A2)\ < |Ai|^/3+o(£^)_ (7.2.2.2) 
Now if I A3 1 < 1^1^+^'' and in addition 

|Tr(Ai)r+^<|Tr(A2)| 
then both (7.2.2.1) and (7.2.2.2) hold and we get, 

(7.2.2.1) 

< |Tr(A2)|^^'"^'^ 

< 1^1 



l-i£+0(£2) 



< \A, 

In other words < \Ai\ so we are done with (7.2.2a). 
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Restating the conclusion explicitly, there exist C2 — k2 E N+ and 62 — ^ 
such that if A; > maxj/cj} and e < mm{ei} then 

\A\ < \A,\^-y+oi^) < 

i.e., < \Ai\. 

Note that so far we have changed k and £ independently to get the required 
growth property (7.2.2a). We can summarize what have proved so far as 
follows. There exist some C e R+ such that for any £ < ^ and for any 
k > C we have, 

\Tr{A2)\ > |Tr(Ai)|^+^ ^ IA3I > ^\A\'+'" . 
We can restate this in the f^-language as follows, 

I Tr(A2)| > I Tr(Ai)|i+^(") =^ \As\ > \A\'+^^''\ (7.2.2.3) 
Therefore in order to complete the proof, we can assume from now 

1^1 < and |Tr(A2)| < |Tr(Ai)|i+^'. (7.2.2.4) 

In particular^ 

1^2! < \Ai\'+'" 

(7.2.2.5) 

|Tr(A)|<|Tr(A)r+^' 
so we can apply theorem 6.4.2 (6.4. 2d). Therefore there exists a exists a semi 

simple element g E AiHGs and V := C^jIs') with 

\V\ > ^\Tr{A^)\'-''^^' 

Y (7.2.2.6) 

>^|Tr(A)r-''" 



^Note that there was nothing special in choosing £^ above, and we can replace £^ with 

any / = o{e). 
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and in addition 

\Tr{V^)-Tr{V^) \ + \ Tr{V^) + Tr{V^)\ < Ci\Tr{V^)\ ^+^' 



< Ci|Tr(V^2)|i+Ci 



Therefore we get, 



and also 



Denote 



|Tr(V)l > ^\V\ 



(7-2.2.6) , 

» |Tr(^)|i-0(^) 

^'>>'Vr(^2)|(^-°^^))^^-^') 
» |Tr(^2)|'-''^^^ 



\nv')\ > ^\v\ 



V^i := y 



Therefore we get 



(7.2.2.7) 

|t/r^i| + |t/i + t/i| < i^il^il 



and for some absolute C3 e 



(7.2.2.9) 1 , _ 
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Therefore by theorem 4.2.1 there exists (an absolute) C e R+ such that 
either 

or for some subfield Ei < F and xi G we have, 

\Ui\xi¥.i\<CK^ and |E| < C/sTf (7.2.2.11) 

Now set C4 := 2CCi and £3 = ^ckch' ^^^^^ = CCi|[/i|^'^i^ wc get 

that for any e < min{£j} there exists k > maxj/ci} such that 

CK^ < \Uif*' < \Ui\. 

Therefore the alternative (7.2.2.11) must hold and we get 

|?7i\a;iEi| < \Ui\^^' and |E| < \Ui\'^+^^'. (7.2.2.12) 

In particular we get 

(7.2.2.2) , 

\A2\ » Tr(A2)'-°(^) 

(7.2.2.12) 

> |E|3-o(-). 

Therefore for any 60 G M+ we can find C5 G ffi+ large enough^ and we can 
find £ < and k > C5 such that 

Therefore if E = F then we are done by theorem 5.1.27 which guarantee 
bounded generation for large subsets of SL2(F). 
^such that C5 > maxjfcj} and ^ < min{ej}. 
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Therefore in order to complete the proof of (7.2.2a) we are left to treat 
the case that for some proper subfield E < F 

Tr(V2) is C4£-field. (7.2.2.13) 

Suppose first that, 

Tr(V2) is an impure 0(£)-field. (7.2.2.14) 
By proposition 7.1.1 (7.1.1c) we get that 

Tr(V^2[4]^) -gj^Q^ C4£-field. 

Denote V2 := and U2 := T^{Vi) and K2 := \U2f^' and 

(X2/C)V^»|C/2|'^l^ 

Therefore by theorem 4.2.1 we get 

I T,{Vi)-T,{Vi)\ + I Tr(^2) + TT{Vi)\ » K'^\ l^{Vi)\ 

(7.2.2.15) 

> |Tr(y2')r^'^'' 

Now by corollary 6.2.3 there exists e N+ such that the following hold for 
any k > k^. For any w e GL2(F) there exists g & A-^^ such that g'^ has no 
zero entries. In particular we can apply this for the basis v G GL2(F) for 
which V" are simultaneously diagonalizable. 

Therefore by the bound (7.2.2.15) we can apply theorem 4.3.7 and we get 
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that for some absolute Ce — ke & N+ and for k > max{A;i} we have 

(4.3. 7d) i.2Ci. 

» |Tr(;^2)r+^' 
> |Tr(y2)r+''^'^ 

^'^'^'^^ |Tr(>li)|(i+^(=))(i-0(^)) 



Therefore we get 



I Tr(A3)| > I Tr(Ai)|i+"(") (7.2.2.16) 

and this imply that 

either | Tr(A2)| > | Tr(Ai)|^+^(") or | Tr(yl3)| > | Ti{A2)\^+^^'\ 

Therefore by what we have proved in (7.2.2.3) we get that 

either l^] > \A\^+^^''^ or IA4I > 

In other words by (7.2.2.3) we get 

I Tr(A3)| > I Tr(^i)|i+"(^) \A^\ > \A\^+^^''\ (7.2.2.17) 

Therefore if (7.2.2.14) holds (the case of impure proper almost subfield) then 
by (7.2.2.16) we are done with the proof of (7.2.2a). 

Therefore we are left to treat the second subcase of (7.2.2.13) that 

Tr(V^) is pure 0(£)-field (7.2.2.18) 

for some proper subfield E < F. Note that if Tr(\/[^]) ^ E then we are done 
with (7.2.2a) by a similar argument to (7.2.2.14) which treated the case of 
impure 0(£)-field. 
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Therefore in order to complete (7.2.2a) we can assume in addition to 
(7.2.2.18) that 

Tr(V) C Tr(!/W) C E 

(7 2 2 9) (7.2.2.19) 
|E| < I Tr(\/) I ^+^(^^ ■< I Tr( Ai) I . 

Now suppose we can find g E Ai such that"^ Prod(5f'') ^ E, then by Lemma 
4.3.8 we get 

|Tr(l^)|2-o('^) |Tr(l^l^»)| < |Tr(^3)| (7.2.2.20) 

so I Tr(l^)| < I Tr(^3)|^+o(£). On the other hand 

\Tr{V) \ ^'>'^ |Tr(^i)|i-°(^) 

therefore 

|Tr(Ai)| < |Tr(A3)|(^+°(^))('+°(^^) 
«|Tr(A3)|^+^(^) 
< |Tr(A3)|i^^(^). 

Therefore by (7.2.2.17) we are done with the case (7.2.2.18). 

Therefore we are left to treat the case that (7.2.2.18) and (7.2.2.19) hold 
and Prod(g'^) e E for any g e Ai. Therefore by fact 4.3.5 we get for any 
g E Ai that 

(.1.3.5a) 

Tt{VV^) C E. 
In particular by definition 3.1.3 we get, 

(3.1.3a) 

Tr{[V,A,U) C Tr{VV^')CE. (7.2.2.21) 



*w was a basis that V" were diagonal. 
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Therefore the only case that we are left to resolve, in order to complete 
(7.2.2a), is: 

(7.2.2.21) 

Tr{VV^') C E 

|E| < |Tr(l^)p+^(^) (7.2.2.22) 

\Tt{V)\ ^''^4''^ \Tt{A2)\'~'^^'\ 

Now by proposition 7.1.2 there exists C7 e R+ such that the following 
holds with — C-j and £7 = Assume k > max{/ci} and £ < minj^j}. 

(7-2.2.4) 

Since \A^\ < \A\ ~^°^'^> < \A\^^ wc get by proposition 7.1.2 that there 
exists a semi simple element h & Ai nGs and U C {h) with 

|Tr([/)| > |Tr(A2)r-''^'^ 

(7.1.2c) 

Tr{U) C F\E. 

Therefore there exists u E SL2(Fq2) such that C/" are diagonal and 

Tr(C/)nE = 0. (7.2.2.23) 

By repeating all the cases before (7.2.2.22), but now with Ti(U) instead 
of Triy), we get that the only case that we need to treat, in order to complete 
the theorem, is: 

Tr(U) is 0(£)-field 
for some proper field E' < F and also, 

Tr{UU^') C E' 

lE'l < |Tr(C/)p+^(^) (7.2.2.24) 
\Tt{U)\ > |Tr(A2)|^-°(^). 
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Let us check what we got so far. Denote 

N := I Tr(A2) | and E" := E n E'. 
By the construction of U in (7.2.2.23) we get that E 7^ E' and 

N^-o('') < min{|E|, |E'|} < max{|E|, |E'|} < N^+o(^\ 
Therefore we get, 

|E"| < N^^'\ (7.2.2.25) 
In particular by combining (7.2.2.22) and (7.2.2.24) we get that 

Tr([C/,y],et) CE". (7.2.2.26) 

Now if V and U do not have a common fix point^ , then by Lemma 4.3.8 
we get, 

{4.3.8b) , ^. , 

\Tri[U,VU)\ » |Tr(V^)| »iV^-^(^). 

Therefore by (7.2.2.26) and (7.2.2.25) we get a contradiction for e small 
enough. 

On the other hand, if V and U do have a common fix point, then denote 
their eigen values X and Y respectively. So tr(XW) C E and tr(yW) C E' 
and X C K and y C K' where K and K' are the two quadratic extensions of 
E and E' respectively. Denote K" = K fl K' so we get 

|K"| = |E'f < iV°(^). 
^i.e., Fix{g) n Fix(/i) = Fix(C/) n Fix(V) = 0. 
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Therefore we get, 

|IV(^)|>|IV(4^))| 

> |Tr(;7V")| 

= |tr(xy)| 

> -\XY\ 
1 

> - 





\Y\ 









» |Tr(A2)|2-°(^). 

Therefore by (7.2.2.17) we are done with the case (7.2.2.18). So the proof is 
complete. □ 

CoroUeiry 7.2.3 (Corollary 2.2.2 from the Introduction). There exist C,d e 
R+ such that the following holds for any finite field ¥q. Let A be a subset of 
generators of G = SL2(Fq). Then we have, 

diam+(G, A) < Clog'^(lGl) (7.2.3a) 
and for any S e R+ we have, 

\A\ > \G\^ =^ diam+(G', A) < C {^Y . (7.2.3b) 

Proof. First suppose (A) — G and \A\ > \G\^. Then by theorem 7.2.2 we get 
for some absolute £0 £ that 

(7.2.2a) 

|^^^)| > mm{\A\^+'\\G\} > \Gr'^^^^+'°^'^^ (7.2.3.1) 
By iterating (7.2.3.1) we get for any i > that 
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Therefore by taking i such that 1 — So < S{1 + eoY we get that 



Now if we take i such that, 

(1 - 5o)^ < (1 + SoY < (1 + SoY^' < 4(1 - 5o)-^ 
then for d := logi,,.^^, (3) and Ci := (4(1 — ^o))'' we get 

3^+^ = (l + £o)^'+'^''<Ci(^)'^ 



and A^^'"*"^) = G so we are done with (7.2. 3b). -y/ 

Now for arbitrary subset of generators we have |A| > 2 therefore 

>min{2(i+^°)\|G'|}. 

Therefore if we take S — ^ and i such that 

6\og{\G\)<{l + eoY<25\og{\G\) 

then for C2 := (25)'^ we get, 

3^ = (l + £o)^<C2V(|G'|) (7.2.3.2) 

and > |Gr|5. Denote mi := 3' < C2 log'^(|G'|) such that (7.2.3.2) holds. 

Therefore if we apply the first argument to Ai — we get that there 

exists 7712 < Cii^Y with /if"'^ = yll™!™^] = q Therefore 

mim2<C3log'(|G'|) 
where C3 = CiC2(|)'^, so we are done with (7.2.3a).Y^ □ 
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Chapter 8 

Further conjectures and 
questions 

We include here some interesting questions that we encountered during this 
work. 

8.1 Trace generation 

In the proof of theorem 7.2.2 we have seen in hnes (7.2.2.20), that if one can 
prove that the set of products^ Prod(A['^]) is not contained in any subfield, 
then by Lemma 4.3.8 (4.3.8a), we could complete the proof with a much 
simpler argument. 

If it would be true, then we will get (in particular) that this property is 
preserved under conjugation, since the generation property of the matrices 
is preserved. Is it true for any subset of generators? 

^see definition 3.1.7. 
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Question 1. Does there exists an absolute k e N+ such that for any finite 

field ¥q and A C SL2(Fg) we have 

{A) = SU{¥,) ^ (Prod(AW)) = F,. 
By using the invariant argument of Lemma 5.2.3 we have seen, 
{A) = SU{¥,) (Tr(A[6]))=F,. 
Can one use this property of Tr(74['^l) in order to prove question 1? 

8.2 Avoiding proper subfields 

We have seen in corollary 5.4.14 how to escape from one subfield. I.e., there 
are at least c\A\ elements in At^l with trace outside this field, where k and 
c are absolute constants. Clearly we can always assume the subfield is a 
maximal subfield. More precisely: for any proper E < Fg we have^, 

(A) = SL2(F,)^|^[\|»|A|. 

Therefore if ¥pn has only one maximal subfield (i.e., n is a prime power), 
then we could complete the proof of theorem 7.2.2 with a much simpler 
argument: 

First, in the steps after equation (7.2.2.4) we would invoke proposition 
7.1.2, instead of theorem 6.4.2 (6.4. 2d). By this proposition we would get 
that Tr{V'^) C F\E so in particular Tr{V'^) cannot be a pure 0{e) field. Under 
these terms, the proof will be much shorter since its second half (7.2.2.18), 
which deals with the case of a pure 0(£)-fields, is no longer needed. 
^See definition 5.4.2 of A'f^. 
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Now suppose ¥pn and n — p"^ • • • p'!^ . Therefore if we could escape from 
all the m maximal subfields simultaneously i.e., finding c\A\ elements in A^''^ 
with traces which are primitive generators of F^, we could simplify the proof 
of theorem 7.2.2 as above. Is it possible? Is it possible to avoid with the 
traces simultaneity a bounded number of subfields? 

Question 2. Let Fg be a finite field and let Ei,...,E^ < F^ be proper 

subfields of F and denote 

l<i<m 

Is is possible to find k G N+ and c G M+ (which may depend in m) such that 

{A) = SU{¥,) ^ \A^%\ > c\A\7 
Is is possible to find an absolute k G N+ and c G M+ as above? 

8.3 Growth of trace functions 

In the proof of theorem 7.2.2 in equations (7.2.2.19) and (7.2.2.24), wc got 
two subsets Vi C SL2(F) and two Vi G SL2(F) such that V^^' are diagonal 
matrices. Denote the eigen values of Vi by Xi. I.e., Xi are the diagonal 
entries of V^' ^ Dx^. Denote % := Tr(l^i) and note that \Ti\ ~ \Xi\. In the 
course of the proof of theorem 7.2.2 we found two proper subfields Ej < F 
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such that, 

^i-o{e) < iTil < iTal = 
and El E2 

where Kj are the quadratic extension of Ej respectively. Therefore, 

|Ti n T2I < |Ei n E2I < A^^(^) 

and so we have, 

|Xi + X21, 1X1^2 1, |Xi + Tsl ■ ■ ■ > A^'-°("). 



a 6 

Let g = \ I and denote^, 

c d. 



X 

x'^^ 

tr(x) := Tr(D^) = x + 
tr,(a;,2/):=Tr(D,(D,)^) 

= ad-tr(xy) — bc-tr{x/y). 



^See definitions 4.3.1, 4.3.2 and facts 4.3.6, 4.3.5 in §4.3. 
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X2J J 

U2gvi 



Now set Ui :— ^ and h :— U2gvi and define, 

=^((o;rO(:4 

= tr,j(a;i,a;2). 
Now define : Xi x X2 ^ F by 

Tg{xi,X2) := tr„2gui (a^i, 0:2). 
Therefore if we denote t — Prod(/i) then, 

im(r,)=r,(Xi,X2) 

- Tr(VlV2') 

= {t-tx{xiX2) + (1 - i)-tr(xi/x2) : Xi G Xj} 

Now in the proof of theorem 7.2.2 we have seen that Trace Growth imply 
Growth of Matrices. Therefore if one can prove that 

I Im(rj| = I Tr(T/iT//)| > N^+^^'^ 

then we could simplify the arguments in the proof of theorem 7.2.2. 

Question 3. Can one prove for some absolute 5 > that 

|lm(Tg)| > 7Vi+^-0(-) 

with Tg and N as defined above. 
Now denote 

Nt{c) := I {{x,y) : Tg{x,y) = c} \ 
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the number of solution for Tg{x,y) — c where 

Tg{x,y) = i-tr(xy) + (1 - i)-tr(x/y) 

as was defined above. 

What is the best upper bound Nt{c) for a general t ? 

Question 4. Can one prove for some absolute 5 > we have, 
t e KiK2\{0, 1} =^ \Nt{c)\ < N^-^+^('\ 
If the answer is affirmative then 

» muit(r,) m-s+ois) » 

so question 3 is resolved also. Note that we have seen in Lemma 4.3.8, 
t ^ ^"^"^ mult{Tg) = 1^1 Im(rj| = \Xi\\X2\ > TV^-OC-). 

And since |^i^2"^l > N'^~^^^^ we also have 

ie{0,l}^|Im(rj|>7V2-O(^). 
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